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1 Historical and preliminary remarks

The summary of Hamiltonian formulation of the classical mechanics could be
presented as follows. The state of an isolated physical system is described by its
position ¢ and momentum p. Any physical quantity is represented by a smooth



function f € C*°(R?Y) of the canonical variables (q1,...,qn,p1,.-.,pn). The
appropriate physical law describing the time evolution of f is expressed by the
ordinary differential equation

d
S ={n 1), (11)
where v
oh Of df 0Oh
{hfy=3% <aqk ok OgF apk> : (1.2)

k=1

and h € C*(R?Y) is Hamiltonian, i.e. the function describing the total energy
of the system. The Poisson bracket defined by (1.2) has the crucial meaning for
the integration of the Hamiltonian equations (1.1). It is bilinear operation on
C>(R?") satisfying Leibniz

{f,9h} ={F,9th +g{f, h} (1.3)

and Jacobi

H{r b hy +{{h, g} +{{g.h}, /1 =0 (1.4)

identities. Hence, the space Z C C*®(R*Y) of integrals of motion (f € T iff
{h, f} =0) is closed:

i) with respect to function operations, i.e. if f1,..., fx € Z and F € C=(RX)
then F(f1,...,[x) €Z;

i) with respect to Poisson bracket, i.e. f,g € Z then {f, g} € Z.

Such structure was called by Lie [26] (see also [64]) the function group.

Assuming that fi,..., fx are functionally independent and Z is functionally
generated by them one obtains relation
{fk7fl}:7rkl(f1a"'7fK)7 (15)

where 7, € C°(RX) for k,l =1,..., K. The antisymmetry of Poisson bracket
and Jacobi identity imply the following conditions

Tl — — Tk (16)

and
aﬂ'rs 67'([7« aﬂ'sl

ﬂ-klaifk + Wksaifk

on the smooth functions 7 € C*(RX). Fixing the generating integrals of
motion fi,..., fx one can identify Z with C*°(RX). For F,G € C*°(R¥) from
Leibniz identity (1.3) one has

=0 (1.7)

OF 0G

o) (1.8)

{F(fi,-- s fr), G(f1,- -, fx)} = ma(fi, - fx)



From the conditions (1.6) and (1.7) it follows that the bilinear operation
OF 0G

FG) = my O 1.9
ST (9
defines a Poisson bracket on C°°(RX). The map J : R*¥ — R¥ defined by
fila;p)
JI(q.p) = : (1.10)
fx(g;p)
is a Poisson map, i.e.
{FoJ,GoJ}=[F,G]oJ. (1.11)

In the particular case when the Poisson tensor m = (mg;) depends on the
variables f1,..., fx linearly

Tt (fis- s fx) = Crim fms (1.12)
where
Ckim = —Clkm (1.13)
and
CrnmCkir + CrinCmkr + CrknCimr = 0 (114)

the vector subspace of linear functions (R¥)* c C°°(RX) is preserved [(R¥)*, (RK)*] C
(RE)* by the Poisson bracket [-,-] operation. The above explains how Sophus
Lie came to the Lie algebra g = (R¥)* with the bracket [-,-] defined by the
structural constants ciym,, i.e. one has

[6;;, 67] = Cklme;kn (115)
for the basis (e},...,e}) = g dual to the canonical basis (e1,...,ex) of RE.
The vector space g, := R¥ predual to g with linear Poisson bracket

OF 0G
F,G| = coimfmar =5 1.16
[F,G] = crum f aF. 0, (1.16)

defined by the Lie algebra structure of g is called Lie-Poisson space. Since in
the finite dimensions the predual g. is canonically isomorphic with the dual g*
of Lie algebra g, one takes g* as the Lie-Poisson space related to g.

The integrals motion map J : R?M — g* defined by (1.10) in the case of
linear Poisson tensor (1.12) is custommatory called the momentum map, see
[52].

Contemporary Poisson geometry investigates the Lie’s ideas [26] in the con-
text of global differential geometry replacing RV by the symplectic manifold
and R¥ by the Poisson manifold. The notions of Lie-Poisson space and momen-
tum map were rediscovered many years later, when the theory of Lie algebras
and Lie groups as well as differential geometry have been already well founded
mathematical disciplines, see [29, 60, 64, 67, 51, 4].



2 The Banach Lie-Poisson space of trace class
operators

Now, we shall extend Lie ideas to the infinite dimensional case. In the first step
of this effort we replace the elementary phase space R?Y by the space CP(H)
of pure states of the quantum physical system. By the definition CP(H) is
infinite dimensional complex projective separable Hilbert space. We fix in H an
orthonormal basis using Dirac notation {|n)}2° ., i.e. (njm) = 0., and define
the covering |y ey g0y 26 = CP(H) of CP(H) by the open domains

Q= {[0] v £ 0}, where [¢] == CJy) (2.1)
and |¢) = > 07, Yx|n). Maps ¢y, : Q) — [? defined by
1
e([¥]) == %(%ﬂ/}l, e k1, kg1, ) (2.2)
similarly as in the finite dimensions case give the complex analytic atlas on

CP(H).
The projective space CP(H) is an infinite dimensional Kéhler manifold with
Kéhler structure given by the Fubini-Study form

wrg := 100 log(|1)). (2.3)
In the coordinates (z1, 22,...) = (%, %, ...) = wo([¥]) it is given by

wps = 100log(1 4+ 2T 2) =i(1 + 27 2)72 Z ((1 + 27 2)6k — zkil) dz; N\ dzy,

k=1
(2.4)
and the corresponding Poisson bracket for f,g € C*(CP(H)) by
, = _(0f dg g Of
— —i(1 + _ = 2.
{f,9}rs = —i(14+27%2) kgl(iskz + 271) <8zk 05 907 ) (2.5)

where we assumed notation
oo
2tz = Z Zk 2k (2.6)

In order to recognize the Lie Poisson space suitable for the predual space
R¥ = g, of Lie algebra we will consider the functionally independent functions
fnm = fmn defined by

ZnZm

T 1ty

fTLm(Z) :

as an equivalent of the generating functions f1, ..., fx from the previous section.
The family of functions (2.7) is closed with respect to Poisson bracket (2.5), i.e.

{frts frn} s = fimiOkn — frenOim. (2.8)

m,n € N (2.7)



Now, let us take the C*-algebra L°°(H) of the bounded operators acting in H.
It can be considered as the Banach space dual

L¥(H) = (L' (H))* (2.9)
to the Banach space of the trace-class operators:

L'(H):={pe L>(H): |pll, = Trvp*p < 00} . (2.10)
The duality is given by
(X5 p) = Tr(Xp), (2.11)

where X € L>®°(H) and p € L'(H). Let us remark here that L!'(H) is an
ideal in L°°('H) but not Banach subspace. The closure of L!(H) in the norm

[ Xl o = SupPyo X1 gives the ideal LO(H) C L*°(H) of compact operators.

Since L'(H) CTQH(H), where
L2(H) = {p € L=(H) : |l == /e p7p < oo} (2.12)
is the ideal of Hilbert-Schmidt operators in H, one can consider
{Im)(nl}, (2.13)
as Schauder basis [66] of L*(H). The functionals
(TR L)) (214)

are biorthogonal with respect to the basis (2.13). Thus they form the basis of
L°('H) in sense of the weak*-topology on L>°(H).

The associative Banach algebra L°°(H) can be considered as the Banach Lie
algebra of the complex Banach Lie group GL>(H) of the invertible elements in
L>(H). The real Banach Lie algebra

U®(H) :={X € L®(H) : X* + X =0} (2.15)

of the anti-hermitian operators is related to the real Banach Lie group GU > (H)
of the unitary operators.
The predual Banach space of U (H) is

U'H):={pe L'(H): p" = p} (2.16)
and the isomorphism U'(H)* & U*(H) is given by
(X;p) = i Te(Xp). (2.17)
Using (2.17) it is easy to check that

ady p = [p, X], (2.18)



what shows that Banach subspace U'(H) C U (H)* is invariant with respect
to the coadjoint action of U (H) on U™ (H)*. The above allows us to define
Poisson bracket

{F, G} (p) = i Tk (o[ DF(p, DG(p)) (2.19)
for F,G € C*°(U'(H)), see paper by Bona [7].
From (2.17) we have

Xr(G)(p) = Tr(pDF(p)DG(p) — pDG(p)DF (p)) = Tr([p, DF (p)]DG((p) |
2.20
for any F,G € C*(U'(H)). So,

Xr(p) = [p, DF(p)] = —adpp(, p (2.21)

and then the Hamilton equations with Hamiltonian H € C*°(U'(H)) assume
for all F € C°°(U'(H)) the form

%F(p(t)) = {H, p}(p(t)) = i Te(p(t)[DH (p(t)), DF (p(1))]) = (2.22)

=i Tx([p(t), DH(p(t)|DF (p(t)))

or equivalently

i p(t) = [o(0), DH(p(1))] (2.23)
where we used the identity
G0 = (DFG0) (1)) (2.04)

The equation (2.23) is the non-linear version of the Liouville-von Neumann
equation. One obtains the Liouville-von Neumann equation taking in (2.23) the
Hamiltonian H(p) = Tr(pH), where H € iU (H).

The characteristic distribution

S, ={Xr(p) : FEC™U'(H))} p € UYH) (2.25)
for UY(H) is given by
Sp={[p,DF(p)] : F € CX(U'(H))} ={lp,X] : X €eUX(H)}. (2:26)

Later we shall come back to it and will consider the symplectic leaves for U (H).
Examples of Casimirs, i.e. the functions

K € C*°(U'(H)) such that {K,F} =0 VYFc C®(U'(H)), (2.27)

one obtains by
— Trpttt, 1=0,1,2,... (2.28)



and one has

{Ki, F}(p) = Te(plDKi(p), DF(p)]) = Te([DKi(p), plDF (p)) = Tr([p', | DF (p)) = 0,

(2.29)
where we applied the formula
DK (p) = p'. (2.30)
For the case [ = 1 let us prove (2.30) directly
Tr(p+ Ap)® — Tr p> = Tr(2pAp) + Tr(Ap)? (2.31)
[ Tr(A0)?| _ [1Aplly _ 180, — 0, (2:32)

1Al l1Apl,

when [|[Ap||; — 0. Now using the identification U!(H)* = U>°(H) by the trace
we obtain (2.30).
Passing to the coordinate description

p= Z Prm 1) (M, (2.33)
n,m=0
DE() =1 3 50— (o) In)m], (234
n,m=0 nm

where ppm = Pmn, We obtain explicit formulas for:

i) Poisson bracket

= OF 0G  9G OF
F,GYi(p) = - 2.35
{ }U (p) k IXM;ZO PH (8plm 8Pmk aplm apmk) ( )
ii) Hamiltonian vector field
— [ OF  OF
X = — —PIm k 2.36
=3 (; (P = gper )) Bl (230

iii) Hamilton equations

oo

d OH OH
im0 =3 (pkm G B plma)). (2.37)

From (2.8) and (2.35) we see that the map ¢ : CP(H) — U'(H) defined by

N (XU S S
(0D = T —k;1+z+z ki) (1], (2:38)



where we assume zg = Zy = 1, preserves Poisson bracket
{Foi,Got}ps ={F,G}proL (2.39)

and in coordinates (2.33) has form py; 0t = fi.
Therefore, we conclude:

Proposition 2.1. The map ¢ : CP(H) — U(H) defined by (2.38) is the mo-
mentum map of the symplectic manifold CP(H) into the Banach Lie-Poisson
space U (H) predual to the Banach Lie algebra U™ (H).

In order to have a link with some physical models let us present the formulas
given above in the Schrédinger representation.
We assume in that case that H = L2(RY, d™z) and represent p € U'(H)

(0)() = / ol 9 (w)dNy, (2.40)

where 1 € L2(RY,dNx), by the kernel p(x,y) = p(y, ), such that its diagonal
p(z, ) belongs to LY (RY, d™ z). For the derivative DF(p) € L°°(H) the kernel is

given by £~ where we assumed the notation of functional derivative =9,
op(x,y) dp(z,y)

which is more familiar for physicists. Namely

DF(p)o(e) = [ sy (2.41)

Using (2.40) and (2.41) we obtain expressions for:

i) Poisson bracket

_ ; SF  6G  6G  GF NNy g,
{F’G}(p)_///p( ’y)(ép(w)ép(z,w) 5,0(y,2)5p(27y))d d(j(;)

i) Hamiltonian vector field

Xe(p) = % fi% fo% (pte. ) 00 - 00 g ) W@
(2.43)

where (¢(y)[1(x)) = 6(z — y) (Dirac notation for L2(RY dVx).
iii) Hamilton equations

ciggtea) = [ 0% (et - ).

In the "basis” {|(2)) (¥ (y)|} s yerny the mixed state p € U(H) is given by
p= [ @¥ad¥ype. ) o) W) (2.5)
and DH(p) € U*(H) by

DH(p) =i / dNzdNy

SH
dp(z,y)

(@) (@)l (2.46)



Let us end this section by applying the theory presented here to the cases of
two well known dynamical systems.

Example 2.1 (Unitary Shrédinger).

H(p) = Tr(pH),  where H € iU™(H). (2.47)

In this case one has X R
DH(p)=H, (2.48)

.d -
—ip(t) = [H, pl, (2.49)

This is Liouville-von Neumann equation for the dynamics of mixed states. The
equation generates unitary (anti-unitary) flow, i.e.

p(t) = Un(t)poUf (1), (2.50)

where R 3t — Upg(t) € GU*°(H) is one—parameter unitary group
Ug(t) = eitd (2.51)

generated by the self-adjoint operator H.

In general quantum mechanical Hamiltonians H are unbounded self-adjoint
operators. Hence, for the typical case the Hamilton function (2.47) is defined
only on p € U(H) given by

p="> priltr)(wl, (2.52)

k=1

where vectors ¥y belong to the domain D(f[ ) of H . In other words the domain
of ady = [H,] is U'(H) N (D(H) ® D(H)*) C U'(H). In the following we
will propose the way of avoiding this unpleasant on the first sight situation.
Let us remark however that Hamiltonian (unitary) flow Up(t) generated by
H(p) = Tr(pH) is well defined on all U'(H).

Ending the example we observe that unitary flow Ug (t) preserves «(CP(H))

and in H it is given by

[¥(t)) = Un()(0)) (2.53)
and |¢(t)) € H fulfill the Schrédinger equation
d 5
—i[0(t)) = H[Y(t). (2.54)
¢

Example 2.2 (Non-linear Schridinger).

For the investigation of that case we will use Schrédinger representation, i.e.
the Hilbert space H will be realized as L2(RY, dz). The non-linear Schrédinger
dynamics is given on U'(H) by the following Hamilton function

2
RN

H(p) = Ts(fp) + 5% [ (ol )V, (2.55)



where H is a self-adjoint operator with the kernel H(z,y) and x > 0 is the
coupling constant.
The functional derivative of (2.55) is
0H
p(x,y)

(p) = H(z,y) + ré(x — y)p(x,y). (2.56)

Thus and from Hamilton equation in Schrodinger representation (2.44) one finds

,z%ﬂf(x y) = /sz (pe(x,y)H(z,y) — H(z,2)p(z,y)) +

—l—n/sz(pt(x, 2)0(z — yY)pe(z,y) — 6(z — 2)pe(x, 2)pi(2,y)) = (2.57)

= /dNZ (pe(z,2)H(z,y) — H(x, 2)pe(2,y))+r(pe (2, y) pe (Y, y) —pe(z, ) pe (2, y)).-

For the decomposable kernels

pe(z,y) = @/Jt(x)m (2.58)

i.e. after restriction to ¢«(CP(7)) the equation (2.2) reduces to

/H 2, 20N 2 + # by ()2 v (@) (2.59)

and for
H(z,z) =—A0(x —2) + (2 —z)V(x) (2.60)

gives the non-linear Schrédinger equation

—i%d}t(x) = (A + V(@) (@) + 5 [ (@) o (). (2.61)

Let us remark that the kernel (2.60) gives unbounded symmetric operator. So
for that case one has Hamiltonian H(p) defined on a dense subset of U'(H)
only.

¢

3 Banach Poisson Manifolds

Let us recall that topological space P locally isomorphic to Banach space b with
the fixed maximal smooth atlas is called Banach manifold modelled on b, see
[8]. For any p € P one has canonical isomorphisms T),P = b, TP = b" and
TP = b** of Banach spaces. Since in general case b & b** the tangent bundle
TP is not isomorphic with twice-dual bundle 7**P. Hence one has only the
canonical inclusion TP C T**P isometric on fibers. The isomorphism TP =
T** P has place only if b is reflexive. Particularly, when b is finite dimensional.

10



Like in the finite dimensional case one defines the Poisson bracket on the
space C°(P) as a bilinear smooth antisymmetric map

{,-} : C*(P) x C*°(P) — C*™(P) (3.1)
satisfying Leibniz and Jacobi identities. Due to the Leibniz property there exists

2
antisymmetric 2-tensor field © € I'°(A T** P) satisfying

{19} = =(df, dg) (3.2)
for each f,g € C°°(P). In addition from Jacobi property and from

{r g}, h} +{{h, 1}, 9} + {9, b}, [} = [, wls(df Adg A dh), (3-3)

3
see [29], one has that the 3-tensor field [w, w]s € T'*°(A\ T** P), called the Skouten
bracket of 7, satisfies the condition

[, 7]s = 0. (3.4)

Hence the Poisson bracket can be equivalently described by the antisymmetric
2-tensor field satisfying the differential equation (3.4). One calls 7 the Poisson
tensor.

Let us define by

tdf = (-, df) (3.5)

the map § : T"P — T** P covering the identity map id : P — P, for any locally
defined smooth function f. One has #df € T'>°(T**P), so, opposite to the finite
dimensional case, it is not vector field in general. Thus according to [40] we give
the following definition

Definition 3.1. A Banach Poisson manifold is a pair (P, {-,-}) consisting of
a smooth Banach manifold and a bilinear operation {-,-} : C*°(P) x C*°(P) —
C(P) satisfying the following conditions:

i) (C*>=(P),{-,-}) is a Lie algebra;
ii) {-,-} satisfies the Leibniz property on each factor;

iii) the vector bundle map f : T*P — T**P covering the identity satisfies
g(T*P) C TP.

As we see, the condition iii) allows one to introduce for any function f €
C*°(P) the Hamiltonian vector field X; by

Xy = tdf. (3.6)

In consequence after fixing Hamiltonian A € C'°°(P) at the above one can
consider Banach Hamiltonian system (P, {-,-}, h) with equation of motion

& ==Xl = th 1 (37)

11



Definition 3.1 allows us to define the characteristic distribution S C TP with
fibers S, C T}, P defined by

Sy = {X;(p) : f € C=(P)}. (3.8)

The dependence of the characteristic subspace S, on p € P is smooth, i.e.
for every v, € S, C T, P there is local Hamiltonian vector field X such that
vp = Xf(p). The Hamiltonian vector fields X; and Xy, f,g € C®(P), are
smooth sections of the characteristic distribution S := ||, S, and [Xy, X ] =
X{t,g1 also belong to I'°(S). So the vector space I'*(S) of smooth sections of
S is involutive.

By a leaf L of the characteristic distribution we will mean:

i) a connected Banach manifold L;

ii) a weak injective immersion ¢ : L — P, i.e. for every ¢ € L the tangent
map Tyt : Ty, L — 7,4 P is injective;

ili) Ty(TyL) = S, for each g € L;

iv) L is maximal, i.e. if the /' : L' < P satisfies the above three conditions
and L C L' then L = L'.

Let us remark here that we did not assume in ii) that ¢ : L < P is an in-
jective immersion, i.e. for every ¢ € L the tangent mao Tyt : Ty L — T, P is
injective with the closed split range. In the finite dimensional case the concepts
of weak injective immersion and injective immersion coincide. However in gen-
eral Banach Poisson geometry context the weak injective immersion appeared
in the generic case.

The leaf ¢+ : L — P is called symplectic leaf if:

i) there is a weak symplectic form wy, on L;

ii) wy, is consistent with the Poisson structure 7 of P, i.e.

wr (Vg ug) = T((@) ([Fuq)] ™" © Tyt(vg), ()] ™ 0 Tyt (ug)), (3.9)

where [f,()] " is inverse to the bijective map [f,] : Ty P/ kerf, — S, gen-

erated by t,(df) := w(df, ).
If v : L — P is a symplectic leaf of the characteristic distribution S, then

i) for each f,g € C°°(P) one has

{fOL?gOL}L:{fag}OL7 (310)

where

{for.goitr(q) =wr(@)(Ty)™ X (u(q), (To) " Xg(u(@))-  (3.11)

12



Let us recall that the closed differential 2-form w is a weak symplectic
form if for each ¢ € L the map b, : T4L > vy — w(p)(vg,-) € T;L is an

2
injective continuous map of Banach spaces. The 2-form w € T'*°(AT*L) is
strong symplectic if the maps by, ¢ € L, are continuous bijections.

For finite dimensional case the problem of finding symplectic leaves for the
characteristic distribution S (i.e. the integration of S) is solved by the Stefan-
Susman or Viflyantsev theorems (eg. see [60, 63]). For the infinite dimensional
case one has not the corresponding theorems and the problem is open in general
case. The answer is only known for some special subcases, see e.g. for this next
section.

The Banach Poisson manifolds form the category with the morphisms be-
tween (Py,{-,-}1) and (Pa, {-,-}2) being a smooth map ¢ : P, — P preserving
Poisson structure, i.e.

{frgyeoo={fop,goph (3.12)

for locally defined smooth functions f and g on P>. Equivalently X% op =
Tyo X}O »» therefore the flow of a Hamiltonian vector field is a Poisson map.
Returning to Definition 3.1, it should be noted that the condition §(7T*P) C

TP is automatically satisfied in certain cases:

e if P is a smooth manifold modelled on a reflexive Banach space, that is
b** = b, or

e P is a strong symplectic manifold with symplectic form w.

In particular, the first condition holds if P is a Hilbert (and, in particular,
a finite dimensional) manifold.

Any strong symplectic manifold (P,w) is a Poisson manifold in the sense of
Definition 3.1. Recall that strong means that for each p € P the map

vp € T, P+ w(p)(vp,-) € T, P (3.13)

is a bijective continuous linear map. Therefore, given a smooth function f : P —
R there exists a vector field Xy such that df = w(Xy,-). The Poisson bracket
is defined by {f, 9} = w(Xy, X,) = (df, X,), thus tdf = X, so §(T*P) C TP.
On the other hand, a weak symplectic manifold is not a Poisson manifold in
the sense of Definition 3.1. Recall that weak means that the map defined by
(3.13) is an injective continuous linear map that is, in general, not surjective.
Therefore, one cannot construct the map that associates to every differential df
of a smooth function f: P — R the Hamiltonian vector field X;. Since the de-
finition of the Poisson bracket should be {f, g} = w(Xy, X,), one cannot define
this operation on functions and hence weak symplectic manifold structures do
not define, in general, Poisson manifold structures in the sense of Definition 3.1.
There are various ways to deal with this problem. One of them is to restrict
the space of functions on which one is working, as is often done in field theory.
Another is to deal with densely defined vector fields and invoke the theory of

13



(nonlinear) semigroups; see [9] for this approach. A simple example illustrating
the importance of the underlying topology is given by the canonical symplec-
tic structure on b x b*, where b is a Banach space. This canonical symplectic
structure is in general weak; if b is reflexive then it is strong.

Similarly to the finite dimensional case (see eg. [60]) the product Py x P,
of the Banach Poisson manifolds and the reduction in the sense of Marsden-
Ratiu [29] the Poisson structure of P to the submanifolds ¢ : N < P have the
functional character.

Theorem 3.2. Given the Banach Poisson manifolds (Py,{-,-}1) and (P2, {-,}2)
there is a unique Banach Poisson structure {-,-}12 on the product manifold
Py x Py such that:

i) the canonical projections w1 : Py X Py — Py and o : Py X Py — P are
Poisson maps;

it) T3 (C*°(Py)) and w5 (C>°(Pz)) are Poisson commuting subalgebras of C*°(Py x
Py).

This unique Poisson structure on Py X Py is called the product Poisson struc-
ture and its bracket is given by the formula

{f,g}12(p17p2) = {fpzvgpz}l(pl) + {fplvgpl}Q(pQ), (314)

where fp,,gp, € C°(P2) and fp,, gp, € C°(P1) are the partial functions given
by fpi(p2) = fp.(p1) = f(p1,p2) and similarly for g.

Proof of this theorem one finds in [40]. The functional character of the
product follows from the formula (3.14).

One shall follow [40] to introduce oneself to Poisson reduction for Banach
Poisson manifolds. Let (P,{-,-}p) be a real Banach Poisson manifold (in the
sense of Definition 3.1), ¢ : N — P be a (locally closed) submanifold, and
E C (TP)|y be a subbundle of the tangent bundle of P restricted to N. For
simplicity we make the following topological regularity assumption throughout
this section: £ NTN is the tangent bundle to a foliation F whose leaves are
the fibers of a submersion 7 : N — M := N/F, that is, one assumes that the
quotient topological space N/F admits the quotient manifold structure. The
subbundle F is said to be compatible with the Poisson structure provided
the following condition holds: if U C P is any open subset and f,g € C*(U)
are two arbitrary functions whose differentials df and dg vanish on E, then
d{f,g}p also vanishes on E. The triple (P, N, E) is said to be reducible, if
E is compatible with the Poisson structure on P and the manifold M := N/F
carries a Poisson bracket {-,-},s (in the sense of Definition 3.1) such that for
any smooth local functions f,§ on M and any smooth local extensions f,g of
fom, gom respectively, satisfying df|r = 0, dg|r = 0, the following relation on
the common domain of definition of f and g holds:

{fr.gtpoi={fgtmom. (3.15)
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If (P, N, E) is a reducible triple then (M = N/F,{-,-} ) is called the reduced
manifold of P via (N, E). Note that (3.15) guarantees that if the reduced
Poisson bracket {-, -}y on M exists, it is necessarily unique.

Given a subbundle F C TP, its annihilator is defined as the subbundle of
T*P given by E° :={a € T*P | (a,v) =0 for all v e E}.

The following statement generalizes the finite dimensional Poisson reduction
theorem of [29].

Theorem 3.3. Let P, N, E be as above and assume that E is compatible with
the Poisson structure on P. The triple (P, N, E) is reducible if and only if
8(Ep) C T,N + E,, for everyn € N.

Proof is given in [40]. Also there you find

Theorem 3.4. Let (Py, Ny, Eq) and (P, No, E3) be Poisson reducible triples
and assume that ¢ : Py — Py is a Poisson map satisfying ¢(N1) C No and
To(E1) C Ey. Let F; be the reqular foliation on N; defined by the subbundle E;
and denote by m; : N; — M; := N;/F;, i = 1,2, the reduced Poisson manifolds.
Then there is a unique induced Poisson map p : M1 — Ms, called the reduction
of p, such that mo 0 = pom.

It shows the functional character of the proposed Poisson reduction proce-
dure.

If the Banach Poisson manifold (P, {-,-}) has an almost complex structure,
that is, there is a smooth vector bundle map I : TP — T P covering the identity
which satisfies I? = —id. The question then arises what does it mean for the
Poisson and almost complex structures to be compatible. The Poisson structure
7 is sald to be compatible with the almost complex structure I if the
following diagram commutes:

#

T™P—F——>TP
I* I,
TP . TP
that is,
Tof+tol"=0. (3.16)
The decomposition
= 7T(270) + ﬂ—(lvl) + 7r(072) (3'17)

induced by the almost complex structure I and the reality of 7, implies that the
compatibility condition (3.16) is equivalent to

Ty =0 and  T(g0) =7(0,2)- (3.18)
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In view of (3.18), [r,m|s = 0 is equivalent to

[T(2,0, T(2,0)]s =0  and [7(2,0), T (2,0)]s = 0. (3.19)

If (3.16) holds, the triple (P, {,-},I) is called an almost complex Banach
Poisson manifold. If I is given by a complex analytic structure Pc on P it
will be called a complex Banach Poisson manifold. For finite dimensional
complex manifolds these structures were introduced and studied by [25].

Denote by OQ*9)(P¢) and OQy)(Pc) the space of holomorphic k-forms
and k-vector fields respectively. If

£ (0000 (Pe)) € 000 (Pe), (3.20)

that is, the Hamiltonian vector field X¢ is holomorphic if f is a holomorphic
function, then, in addition to (3.18) and (3.19), one has w3 o) € OQ(2,0)(FPc). As
expected, the compatibility condition (3.20) is stronger than (3.16). Note that
(3.20) implies the second condition in (3.19). Thus the compatibility condition
(3.20) induces on the underlying complex Banach manifold Pc a holomorphic
Poisson tensor 7c 1= m(30). A pair (Pc,mc) consisting of an analytic complex
manifold Pr and a holomorphic skew symmetric contravariant two-tensor field
mc such that [mc,7mcls = 0 and (3.20) holds will be called a holomorphic
Banach Poisson manifold.

Consider now a holomorphic Poisson manifold (P, 7). Denote by Pg the un-
derlying real Banach manifold and define the real two-vector field mg := Re .
It is easy to see that (Pg,7R) is a real Poisson manifold compatible with the
complex Banach manifold structure of P and (ng)c = 7. Summarizing, we
have shown that there are two procedures that are inverses of each other: a
holomorphic Poisson manifold corresponds in a bijective manner to a real Pois-
son manifold whose Poisson tensor is compatible with the underlying complex
manifold structure. One can call these constructions the complexification and
realification of Poisson structures on complex manifolds.

4 Banach Lie-Poisson spaces

Now we shall consider a subcategory of Banach Poisson manifolds consisting of
the linear Banach Poisson manifolds, i.e. P = b and the Poisson tensor 7 is
also linear. In order to give the formal definition let us recall that the Banach
Lie algebra (g, [,:]) is a Banach space imposed in the continuous Lie bracket
[,]: 9 xg— g. For x € g one defines the adjoint ad, : g — g, ad, g := [z, y],
and coadjoint ad} : g* — g* map which are also continuous.

According to [40] we assume the following definition, which formalizes the
concept of Lie-Poisson space discussed in the Section 1.

Definition 4.1. A Banach Lie-Poisson space (b,{-,-}) is a real or complex
Poisson manifold such that b is a Banach space and its dual b* C C*°(b) is a
Banach Lie algebra under the Poisson bracket operation.
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The relation between the category of Banach Lie-Poisson spaces and the
category of Banach Lie algebras is described by

Theorem 4.2. The Banach space b is a Banach Lie-Poisson space (b,{-,-}) if
and only if it is predual b* = g of some Banach Lie algebra (g,[-,-]) satisfying
ad, b C b C g* for allz € g. The Poisson bracket of f,g € C*°(b) is given by

{f,93(0) = {[Df(b), Dg(b)]; ), (4.1)
where b € b.
For proof of the theorem see [40]. One can see from (4.1) that the Poisson

2
tensor m € T'°°(A T**b) of Banach Lie-Poisson space is given by

m(b) = ([} b)- (4.2)

Here we used identification Tb =2 b x b, T"b = g x b and T"*b = g* x b. So
7 linearly depends on b € b. Therefore, as a morphism between two Banach
Lie-Poisson spaces b; and by we assume a continuous linear map ® : b; — bs
that preserves the linear Poisson structure, i.e.

{foq)7goq)}1:{fag}20@ (43)

for any f,g € C*(bs). It will be called a linear Poisson map. Therefore
Banach Lie-Poisson spaces form a category, which we will denote by P.

Let us denote by L the category of Banach Lie algebras. Let Ly be subcate-
gory of £ which consists Banach Lie algebras g admitting preduals b* = g, and
ad; b CbCg" A morphism V¥ :g; — go in the category Ly is a Banach Lie al-
gebras homomorphism such that its dual map U* : g5 — g7 preserves preduals,
i.e. U*by C by. In general it could happen that the same Banach algebra g has
more than one non-isomorphic preduals. Therefore, let us define the category
PLy which has as objects the pairs (b, g) such that b* = g and morphisms are
defined as for Lg.

Proposition 4.3. The contravariant functor F : P — PLy defined by F(b) =
(b,6%) and F(P) = ®* gives categories isomorphism. The inverse of F is given
by F~1(b,g) = b and F~1(V) = U, where ¥ : g — go.

[b2

The proof of the theorem is the direct consequence of Theorem 4.2.
The linearity of Poisson tensor 7 allows us to present Hamilton equation
(3.7) in the form
d
ab =— ad:;h(b) b, (4.4)
which, as we will see later, is natural generalization on the case of general
Banach Lie-Poisson space of the rigid body equation of motion as well as von
Neumann-Liouville equation.
For the same reasons the fiber S of the characteristic distribution at b € b
is given by
Sy ={—adib: x € g}. (4.5)
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We recall here that Tb =2 b x b and Tpb = b.
Now, let us discuss the question of integrability of the characteristic distri-
bution S. Following of [40] we shall assume that:

(i) b is a predual g. of g which is Banach Lie algebra of a connected Banach
Lie group G;

(ii) the coadjoint action of G' on the dual g* preserve g. C g*, i.e. Adyg. C g
for any g € G;

(iii) for any b € b the coadjoint isotropy subgroup Gp := {g € G : Ad; b=10}
is a Lie subgroup of G that is a submanifold of G.

It was shown, see Theorem 7.3 and Theorem 7.4 in [40] that under these as-
sumptions one has:

(i) the quotient space G/G, is a connected Banach weak symplectic manifold
with the weak symplectic form w;, given by

W ([9)(Tym(TeLg€), Tym(TeLgn)) = (b; [€; 1), (4.6)

where {,n € g, 9 € G, [g] :==7(g9) and 7 : G — G/G} is quotient submer-
sion, Ly : G — G is left action map;

(ii) the map
Ly - [g] € G/Gb — Ad;71 beg., =0 (47)

is an injective weak immersion of the quotient manifold G/G} into b;
(iii) T[g]Lb(T[g](G/Gb)) = SAd;71 p for each [g] S G/Gb;
(iv) the weak immersion b, : G/Gp, — b is maximal;

(v) the form wy, is consistent with the Banach Lie-Poisson structure of b defined
by (4.1).

Summing up the above facts we conclude that ¢, : G/Gp, — b is a symplectic
leaf of the characteristic distribution (3.8).
Endowing the coadjoint orbit

Op:={Ad,-1b: g€ G} (4.8)

with the smooth manifold structure of the quotient space G/G, one makes
tp : G/Gp — Oy into a diffeomorphism. The weak symplectic form (Lgl)*wb is,
given like in the finite dimensional case, by the Kiryllov formula

(15 1) wo(Ad 1 b)(adha, ¢ Ad - b,adhg, , Ad-1 b) = (b €, 7)) (4.9)

forgeG,{,negandbeb=g,.
The following theorem gives equivalent conditions on b € b which provided
that ¢, : G/Gp — g. is an injective immersion.

18



Theorem 4.4. Let the Banach Lie group G and b € g, be such that Ad; g« C 9s,
for any g € G, and the isotropy subgroup Gy is a Lie subgroup of G. Then the
following conditions are equivalent

(i) wp: G/Gp — g« is an injective immersion;
(i) the characteristic subspace S, = {adgb: { € g} is closed in g.;
(iii) S, = gg, where gg is the annihilator of g, in g..

Moreover the coadjoint orbit O with the manifold structure making vy, : G/Gp —
Oy a diffeomorphism. Then, under any of the hypotesis (i), (ii) and (iii), the
two-form defined by (4.9) is a strong symplectic form.

For proof see Theorem 7.5 in [40].

There is the concept of quasi immersion ¢ : N — M between the two Banach
manifolds, see [1] and [8] for example. By the definition ¢ : N — M is quasi
immersion if for every n € N the tangent map T}, : T, N — T,(,,) M is injective
with the closed range. From Theorem 4.4 we conclude that ¢, : G/Gy — g. is a
quasi immersion if and only if it is an immersion.

The another important question is which conditions on b € b guarantee that
tp : G/Gyp — g« is an embedding, i.e. when O, is submanifold of the Banach
Lie-Poisson space g.. Even there are examples of finite dimension of G and
b € g. such that ¢, : G/Gp — g« is not embedding. For the general Banach
case this problem is evidently more complicated. Here, opposite to the finite
dimensional case, we will be looking for the examples of an embedded symplectic
leaves ¢, : G/Gp — gs.

Example 4.1. The Lie algebra (L*°(H),[-,-]) is the one of the Banach group
GL>(H) which is open in L°°(H). The same has place for (U*°(H), [-,]) which
is Lie algebra of the Banach Lie group GU®(H) of the unitary operators in H.
So the group GL*®(H) (GU>(H) respectively) acts on L*(H) (on U(H)) by
the coadjoint representation

Ad; : L'(H) — L*(H) for g € GL*(H) (4.10)
Ady(p) = gpg ™" (4.11)

For g € GU®(H) and p € U'(H) one has
Adyp=gpg” . (4.12)

In [40] it is proved that orbits
Opo = Adg Po; (413)

where G = GL*®(H) or G = GU*(H), are symplectic leaves. But in general
case the Kiryllov symplectic form we is only weak symplectic and in consequence
the quotient manifold G/G, is weak symplectic manifold and the map

v G/Gyy 3 [g) = Adj; po € O, C g = L'(H) or U'(H) (4.14)
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is an injective weak immersion. The weak symplectic structure we is consistent
with Banach Lie—Poisson structure of g, It means that

{f.9}tg.0v=A{for,g0:}0, (4.15)

where f,g € C*°(g.) and Poisson bracket {-, -} is defined for the function fo.
and g o ¢ only. The situation looks better for orbits O, generated from finite
rank (dim(im pg) < oo0) elements pg. In that case hermitian element pg = pj
can be decomposed on the finite sum of orthonormal projectors

N N
po=> MP. . > Pe=1 , PP =0dub, (4.16)
k=1 k=0

where dim(ker Py)t = oo, dim(ker Py)* < oo A\ # A € R and A\, # 0 for
N >k >1 and Ao = 0. In that case one has splitting (see [40])

T, U'(H) = i PypPr:peUN(H) ¢ @ {ZN:PkPPk pe Ul(H)} (4.17)
k#1=0 k=0
in which the first component is
Spo = T, O =i[po, U™ (H)] (4.18)
and the second one is the intersection
U (H)NU'(H) (4.19)

of the stabilizer Lie-Banach subalgebra Ug®(H) with U'(H). One can conclude
from this (see [40]) that the map

v: GU®(H)/GUX(H) —— O,, CU'(H) (4.20)

is an injective smooth immersion and (O,,,we) is strong symplectic manifold.
The orbit O,, had two naturally defined topologies:

Tr) the relative topology: €2 is open iff there exists Q open in U'(H) such that
Q=0N0,,

7o) the quotient topology: 2 is open iff (1 o 7)~1(f) is open in GU®(H).
The map 7 is the quotient projection
m: GU®(H) — GU>(H)/GU;’(H) (4.21)

of the Banach-Lie group GU°(H) onto the quotient space GU*(H)/GU?(H).
The coadjoint action map

Ad*: GU®(H) x U (H) — U (H) (4.22)
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is continuous and thus the map
* e’} 1
Ad, : GU™(H) — U (H) (4.23)
defined by Ad;o g = gpog” is also continuous. Because of this the set

(Ady) ™ (@) =7 0T Q) = (rom) M w) = {g € GUT(H) : gpog” € O}
(4.24)
is open in |-||, topology of the unitary group GU*(H) if O,, D  is open in
relative topology 7r. The above proves that if 2 € 7 than Q € 7.
We would have shown that the injective smooth immersion is an embedding

if we have constructed a section
S:Q— GU*(H) (4.25)

continuous with respect to the relative topology 7x.

Indeed, then assuming that ¢ is continuous in quotient topology we find that
(tom) () is open in GU(H). Thus S~ ((tom)™(Q)) = (tomo )™t =
id~ () = Q is open in topology Tx.

In particular we have the above situation if py has finite rank. Therefore,
for example, the map ¢ : CP(H) — U'(H) defined by (2.38) is an embedding.

&

Now, following of [40] we will describe of the internal structure of morphisms
of Banach Lie-Poisson spaces.

Proposition 4.5. Let ® : by — by be a linear Poisson map between Banach
Lie-Poisson spaces and assume that im ® is closed in by. Then the Banach
space by/ker @ is predual to b}/ ker ®*, that is (by/ker ®)* = b5/ ker &*. In
addition, b%/ker ®* is a Banach Lie-Poisson algebra satisfying the condition
ad[y) (b1/ ker @) C by/ker ® for allx € b and by / ker ® is a Banach Lie-Poisson
space. Moreover, the following properties hold

(i) the quotient map 7 : by — b1/ ker @ is a surjective linear Poisson map;

(ii) the map ¢ : by/ker ® — by defined by ([b]) = ®(b) is an injective linear
Poisson map;

(#ii) the decomposition ® = tom into the surjective and injective linear Poisson
map is valid.

For proof of the proposition see [40].

So, as in linear algebra, one can reduce the investigation of linear Poisson
maps with closed range to the surjective and injective subcases. Since of The-
orem 4.2 and Proposition 4.3 one can characterize linear Poisson maps using
Banach Lie algebraic terminology.

Let us consider firstly the surjective linear continuous map m : b; — bsy of
a Banach Lie-Poisson space (b1, {+,-}1) just only on a Banach space. It is easy
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to see that the dual map 7* : b5 — b} is a continuous injective linear map and
im7* is closed in bj. So, one can identify im7* with the dual b3 of Banach
space bs.

Assuming additionally that im 7* is Banach Lie subalgebra one shows that
im7* = b} satisfies conditions of Theorem 4.2 (see Section 4 of [40]) and thus
conclude that the following proposition is valid.

Proposition 4.6. Let (b1,{-,-}1) be a Banach Lie-Poisson space and let 7 :
by — by be a continuous linear surjective map onto by. Then by carries the
unique Banach Lie-Poisson structure {-,-}o if and only if im7* C b} is closed
under the Lie bracket [-,]1 of bj. The map ©* : b5 — b} is a Banach Lie
algebra morphism whose dual ™" : b7* — b3* maps by into ba. The uniquely
defined Banach Poisson-Lie structure {-,-}o following, e.g. [60] we shall call
coinduced by m from Banach Lie-Poisson space (b1, {-, }1).

We shall illustrate the importance of the coinduction procedure presenting
the following example, see [40].

Example 4.2. Let (g,[-,]) be a complex Banach Lie algebra admitting a pre-
dual g, satisfying ad} g. C g« for every z € g. Then, by Theorem 4.2, the
predual g, admits a holomorphic Banach Lie-Poisson structure, whose holo-
morphic Poisson tensor 7 is given by (4.1). We shall work with the realification
(gsg> ™r) Of (g4, ) in the sense of Section 3. We want to construct a real Banach
space g7 with a real Banach Lie-Poisson structure 7, such that g7 ® C = g.
and 7, is coinduced from 7k in the sense of Proposition 4.6. To achieve this,
introduce a continuous R-linear map o : g,y — g«p satisfying the properties:

(i) o? = id;

(ii) the dual map o* : gg — gr defined by

(c%z,b) = (z,0b) (4.26)

for z € gg, b € g« and where (-,-) is the pairing between the complex
Banach spaces g and g., is a homomorphism of the Lie algebra (gg, [, ]);

(ili) ool + I oo =0, where I : gg — gg is defined by

(2,1b) :== (I"z,b) :=i(z,b) (4.27)
for z € gr, b € gug.
Consider the projectors
R:= %(zd +o0) R* = %(zd +0%) (4.28)

and define g¢ :=im R, g := im R*. Then one has the splittings

gp =0, ®Ilg] and gr=g" ©Ig’ (4.29)
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into real Banach subspaces. One can identify canonically the splittings (4.29)
with the splittings

g7 r C = (g7 @ R) @ (g7 ®r Ri). (4.30)

Thus one obtains isomorphisms g7 ®r C = g, and g° ®g C = g of complex
Banach spaces.
For any x,y € gr one has

[R*z, R*y] = R*[z, R*y] (4.31)
and thus g7 is a real Banach Lie subalgebra of gr. From

Re(z,b) = (R*zRb) + (I"R*I*z, IRIb)
= (R*2Rb) + ((1 — R*)z,(1 — R)b) (4.32)
for all z € gr and all b € g.p, where for the last equality we used R =1+ IRI
and R* = 1+ I*R*I*, one concludes that the annihilator (g2)° of g7 in gg
equals I*g*. Therefore g¢ is the predual of g°.
Taking into account all of the above facts we conclude from Proposition

4.6 that g7 carries a real Banach Lie-Poisson structure {-,-}4- coinduced by
R : g.gr — gJ. According to (4.32), the bracket {-,-}4- is given by

{f 9}z (p) = ([df (p),dg(p)], p), (4.33)

where p € g¢ and the pairing on the right is between g7 and g”. In addition,
for any real valued functions f,g € C*°(g?) and any b € g.p we have

{f o R, g o R}g, (b) = Re([d(f o R)(b), d(g o R)(D)], b)

(R*[d(f o R)(b), (goR)( )L, B(b)) + (1 = B7)[d(f o R)(b), d(g o R)(b)], (1 — R)b)
= (R*[R"df (R(D)), R"dg(R())], R(b)) + (1 — R*)[R"df (R(b)), R*dg(R(D))], (1 — R)b)
= ([df (R(b)), dg(R(D))], R(b)) = {f, g}z (R(D)),

where we have used (4.31). The above computation proves, independently of
Proposition 4.6, that R : g.p — g7 is a linear Poisson map.

&

The injective ingredient of the linear Poisson map is described as follows.

Proposition 4.7. Let by be a Banach space, (ba,{,-}2) be a Banach Lie-
Poisson space, and v : by — by be an injective continuous linear map with closed
range. Then by carries a unique Banach Lie-Poisson structure {-,-}1 such that
L 18 a linear Poisson map if and only if kert* is an ideal in the Banach Lie
algebra b3.

In analogy to the previous case, we will call the Banach Lie-Poisson structure
{*,}1 induced from (bs, {-, }2) by the map ¢.
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Example 4.3 (Banach Lie-Poisson spaces related to infinite Toda latice, see

[41]).

We begin by defining the family of Banach subspaces of L'(H) and L*(H)

where H is real separable Hilbert space. Given the Schauder basis {|n)(m|}

of L'(H), we define the Banach subspaces of L!(H):

)
n,m=0

o L' (H):={p € L*(H) | ppm = 0 for m > n} (lower triangular trace class)

o L' \(H):={pe€ LL(H) | pum = 0 for n > m+k} (lower k-diagonal trace

class)

o I' ,(H):={p e LL(H) | pum = 0 for n < m + k} (lower triangular trace

class with zero first k-diagonals)

o I} (H) :=={p € L ,(H) | pnm = 0 for m > n + k} (upper triangular

trace class with zero first k-diagonals).

Similarly, using the biorhogonal family of functionals {|/) (k|}7%—o in L>(H) =

L'(H)* we define Banach subspaces of L>(H):

o LP(H) :={x € L®(H) | £nm = 0 for m < n} (upper triangular bounded)

o L (H) :=={x € LY(H) | ®pm = 0 for m > n + k} (upper k-diagonal

bounded)

o I (H) = {z € L2(H) | zpm = 0 for n < m + k} (lower triangular

bounded with zero first k-diagonals)

o I (M) ={z € LY(H) | Znm = 0 for m > n + k} (upper triangular

bounded with zero first k-diagonals)
With these subspaces we have the following splittings
L'(H) =L (H) &1} ,(H)
1L () = LY () @ ' 4 ()
L>¥(H) = LT (H) © 12, (H)
LEMH) = LT (H) © I5:(H)
Non-degenerate pairing (2.11) relates the above splitting by
(LL(H))" = (I3, (H))° = LT, (H)

(LL k()" = (1L x(H))° = LTx(H),

(4.34)

(4.35)
(4.36)
(4.37)

(4.38)

(4.39)

where ° denotes the annihilator of the Banach subspace in the dual of the

ambient space.

The LF(H) is the associative Banach subalgebra of L*>°(H) and 1% (H) is
the Banach ideal of LY (H). Then they are Banach Lie subalgebra and Banach

Lie ideal of (L*°(H), [, ‘]) respectively.
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The associative Banach Lie groups are
GLY(H) := GL*(H)N LT (H) (4.40)
and
GIT(H) == I+ I (H) NGLE (H). (4.41)

Now, let us take the Banach spaces map ¢ : L', (H) < L. (H) defined by
the splitting (4.35). It is clear that it satisfies the conditions of the Proposition
4.7. Therefore L1_7 i is the Banach Lie-Poisson space predual to the Banach Lie
algebra LS (H)/15%,(H) = LY, (H) with the bracket

k-1 1

XD =D (s’ (i) — yis' (11-4)) " (4.42)

=0 +=0

of X = Z;:ol S Y = Z;:ol ySt, where

S = i In)(n+ 1] € L=(H) (4.43)

n=0

and z;,y; € L (H), where L (H) by definition is subalgebra of diagonal ele-
ments in L (H). We defined the map s : Lg°(H) — L§F(H) by

Sz = s(x)S. (4.44)
One has isomorphism of GLZ(H)/GIT°), with the group

k—1

GLE) = {9 =Y ¢S ‘ 9i € L5 |go| = €(g0)l  for some  £(go) > 0} ;
i=0
(4.45)
of invertible elements in the Banach associative algebra (L5, (H), o) with the
product of elements given by

k=1 / 1
XopYi=)_ (Z xisi(yg_i)> St (4.46)
1=0 \i=0
Finally the induced Poisson bracket on L! ; (H) is given by

{fvg}k(p) =

_ k_ j oo (5205 (52-0) - 220 (520) )] @an

where p = ;:J(S’T)lpl, here p; are diagonal trace-class operators and S7 is
conjugation of S.

¢
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Example 4.4 (Flaschka map as a momentum map, see [41]). Let us recall that
by definition {> and I' are

1% = {q ={ahizo lallo := sup ol < OO} (4.48)

P {p = {pedi ol = Y Il < oo} (4.49)

k=0

The spaces [*° and [! are in duality, that is, (I})* = [°° relative to the
strongly nondegenerate duality pairing

(@) = akpr- (4.50)
k=0

Thus the space [*° x [! is a weak symplectic Banach space relative to the canon-
ical weak symplectic form

w((g,p), (d',p") = (¢, P") — (', ), (4.51)

for q,q' €1 and p,p’ € 1.
Let us define the map

T (q,p) :=p+ STves @1 (4.52)

of the canonical weak symplectic Banach space (I°° x [',w) into the Banach
Lie-Poisson space L£’2(H), where STv is a generic lower diagonal element of
L 5(H). We identify I* with L§(H) and I° with L§°(H). Having fixed S7v €
L' ,(H), we define the action

U;(CLP) — (q 1 log go,p + glga1yes(q)—q +3 (91951%8@_(]) (I —po)) ,
(4.53)
where go 4+ ¢15 € GLT,(H) and (q¢,p) € I x I
One can prove that

i) J, is an Poisson map, that is, {f o J,,g0 Tv}w = {f,g}2 0 T, for all
f,9 € O=(LL ,(H));

ii) J, is GLY,(H)-equivariant, that is, J, o o = (Ad—ﬂ);,l 0 J, for any
g € GLYH(H).

Reassuming above statements we can say that Flaschka map (4.52) is a mo-
mentum map of the weak symplectic Banach space (I°° x [, w) into the Banach
Lie-Poisson space L' ,(H).

&
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In order to summarize the above considerations let us formulate the following
theorem, see [40].

Theorem 4.8. The linear continuous closed range map ® : by — by between
the Banach Lie-Poisson spaces by and bs is a linear Poisson map if and only if
it has a decomposition ® = 1o, where

(i) ™ : by — b is a linear continuous surjective map of Banach spaces such
that im7* C b7 s closed with respect to a Lie bracket of b7;

(ii) v : b — by is a conlinuous injective linear map of Banach spaces with
closed range such that ker 1* is an ideal in the Banach Lie algebra b3.

Let b be a Banach Lie-Poisson space and let g be Banach Lie algebra defined
by b* = g. From Proposition 4.6 we see that there exists a bijective correspon-
dence between the coinduced Banach Lie-Poisson structures from b and the
Banach Lie subalgebras of g. If the surjective continuous linear map 7 : b — ¢
coinduces a Banach Lie-Poisson structure on ¢, the Banach Lie subalgebra of g
given by this correspondence is 7*(¢*).

Conversely, if € C g is a Banach Lie subalgebra then the Banach Lie-Poisson
space given by this correspondence is b/€°, where £° is the annihilator of £ in b,
and 7 : b — b/E° is the quotient projection.

Similarly from Proposition 4.7 we conclude that there exists a bijective cor-
respondence between the induced Banach Lie-Poisson structures in b (i.e., the
Banach Lie-Poisson subspaces of b) and the Banach ideals of g. If the injection
t: ¢ — b with closed range induces a Banach Lie-Poisson structure on ¢, then
the ideal in g given by this correspondence is ker ¢*.

Conversely, if i C g is a Banach ideal, then the Banach Lie- Poisson subspace
of b given by this correspondence is i°, where i° is the annihilator of i in b and
¢t :1° — b is the inclusion.

The product by x bs of the Banach Lie-Poisson spaces (b1, {-,-}1) and (b2, {-, - }2)
has the Banach Poisson manifold structure {-, - }12 defined by Theorem 3.2. Since
the Banach spaces isomorphism (b X by)* = b} x b} the dual Banach space
(b1 x ba)* is closed with respect to the Poisson bracket {-,-}12. The inclusions
i : by — by X by and projections 7w : by X by — bg, £ = 1,2. The inverse
procedure to the product is the splitting b = by @ by of a Banach Lie-Poisson
space (b, {-,-}).

Definition 4.9. Let (b,{-,-}) be a Banach Lie-Poisson space. The splitting
b = by @ b2 into two Banach subspaces by and b is called a Poisson splitting
if

(i) by and by are Banach Lie Poisson spaces whose brackets shall be denoted
by {-,-}1 and {-,-}2 respectively;

(ii) the projections 7 : b — by and the inclusions ix : by — b, k = 1,2
consistent with the above splitting, are Poisson maps;

(iii) if f € 77(C>°(Py)) and g € 75 (C*°(P2)), then {f, g} = 0.
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The following conditions are equivalent:

(i) the Banach Lie-Poisson space (b, {-,-}) admits a Poisson splitting into the
two Banach Lie-Poisson subspaces (by, {-,-}1) and (bo, {-, }2);

(ii) the Banach Lie-Poisson space (b, {-,-}) is isomorphic to the product Ba-
nach Lie-Poisson space (b; X ba, {-,}12);

(iii) the components b} and b3 of the dual splitting b* = b} @b} are ideals of the
Banach Lie algebra b*, where one identifies b} and b3 with the annihilators
of by and by in b* respectively.

5 Preduals of W*-algebras and the conditional
expectation

The physically important and mathematically interesting subcategory of Banach
Lie-Poisson spaces is given by the preduals of W*-algebras. Let us recall that
W*-algebra is a C*-algebra 9, which allows a predual Banach space 91,. For
given M the predual M, is defined in the unique way, see eg. [48, 53]. By Sakai
theorem the W*-algebra is abstract presentation of von Neumann algebra. The
existence of M, defines o (I, M..) topology on the M. Below we will use term
o-topology. A net {zs}aca C I converges to x € M in o-topology if, by
definition, limyea(Zq;b) = (x;b) for any b € 9M,. One can characterize the
predual space M, as the Banach subspace of 9* consisting of all o-continuous
linear functionals, eg. see [48]. The left

Ly M3 — axeM (5.1)

and right
Ry :Mo>3c— zaeM (5.2)

multiplication by a € M are norm and o-continuous maps. Thus their duals
L 9" — 9" and R, - 9 — 9N* preserve M, which is canonically embedded
Banach subspace of 9t*.

The W*-algebra is a Banach Lie algebra with the commutator [-,-] as Lie
bracket. One has ad, = [a,]] = L, — R, and ad, = L} — R%. Therefore
ad} M, C M, for each a € M. The above proves that the conditions of Theorem
4.2 are satisfied. Thus one has

Proposition 5.1. The predual M. of W*-algebra M is a Banach Lie-Poisson
space with the Poisson bracket {f, g} of f,g € C°° (M) given by (4.1).

The above statement is remarkable, since it says that the space of quantum
states M. can be considered as an infinite dimensional classical phase space.

Now, let us introduce the concept of quantum reduction physical meaning
of which will be elucidated subsequently.

Definition 5.2. A quantum reduction is the linear map R : 9, — M, of
the predual of W*-algebra 91 such that
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(i) R?=Rand |R| =1
(ii) the range im R* of the dual map R* : 9t — 9 is a C*-subalgebra of M.
The properties of R* : 9 — 9 we present in the following proposition.

Proposition 5.3. One has

i) R*> = R* and |R*|| =1

it) R* : M — M is o-continuous
i11) im R* is o-closed

i) im R* is W*-subalgebra of 9.
Proof. i) For any x € 9 and b € M, one has

(R*%2;b) = (x; R?b) = (x; Rb) = (R*x;b), (5.3)
which gives R*? = R* and 1 < ||R*||. On the other side

: (R _ s R 70|
8] = sup WEEO gy SO g o WOy (5.
b0 [0l 0 bl b0 1

so, [|[R*[| < 1.
ii) Let a net {za}aca C MM converges x, — = to x € M in o-topology. Thus
Vb€ M. (R*Ta;b) = (w4; Rb) % (z; Rb) = (R*x;b), (5.5)
what means R*z, — R*x.

iii) If R*z, = y from ii) one has R*z, = R*R*z, = R*y. Thus y = R*y €
im R*.

iv) From iii) im R* is o-closed then it is a W*-subalgebra.
O

We see from the point iv) of Proposition 5.3 that in the condition ii) of
Definition 5.2 one can equivalently assume that im R* is W*-subalgebra of 9.

In the probability theory there is the concept of conditional expectation. It
can be extended to the non-commutative probability theory which forms math-
ematical language of quantum statistical physics and the theory of quantum
measurement, see [53, 54, 55, 48, 17]. By the definition, see e.g. [48, 56] the
normal conditional expectation is a o-continuous, norm one idempotent
map ¢ : 9 — 9 which maps 9 onto a C*-subalgebra MN.

Proposition 5.4. Let R : M, — M, be a quantum reduction then R* : M — M
18 the normal conditional expectation.

Conversely if € : M — M is a normal conditional expectation then E* :
IM* — I preserves M, C M* and R := (’3"‘%* is the quantum reduction.
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Proof. 1t follows from Proposition 5.3 that R* : 9t — 901 is normal conditional
expectation. Since € : 9T — 9 is o-continuous one has

(€*b; z4) = (b; Exy) — (b; Ex) = (E"b; ) (5.6)

for any z, Zrxand be M., so €*b € M,. It is clear that ersmf = (’El*m* and

Grm* H = 1. For any x € 9 and b € M, one has

(€z;b) = (; €y b) = ((Efyn, )" 25 b), (5.7)

which is equivalent to (G\*zm*)* = ¢&. The above shows the last statement of the
proposition. O

Concluding, we see that any quantum reduction R is the predual &, of a
normal conditional expectation and vice versa any normal conditional expec-
tation € is the dual R* of some quantum reduction. From o-continuity of &
follows that the C*-subalgebra = im € is o-closed, i.e. it is W*-subalgebra.
Its predual Banach space I, is isomorphic to im &€,. Thus and from Proposition
4.6 we obtain:

Proposition 5.5. The predual €, : M, — N, of a normal conditional ex-
pectation € @ M — I C M is the surjective linear Poisson map of Banach
Lie-Poisson spaces. The Lie-Poisson structure of My is coinduced by €, from
Banach Lie-Poisson space M,

We will see from the examples presented below that &, : 91, — 9, could
be considered as the mathematical realization of the measurement operation.
Therefore in virtue of Proposition 5.5 one can consider the measurement as a
linear Poisson morphism.

Example 5.1. If p € M is self-adjoint projector, i.e. p> = p = p*, then the
map

&,(z) := pap. (5.8)

as it easily to see, satisfies the all defining properties of the normal conditional
expectation. The im &, is a hereditary W*-subalgebra of 9. Any hereditary
W*-subalgebra of 9 is the range of the normal conditional expectation &, for
some self-adjoint projector p € 9, see for example [48] for the proof of the
above facts.

&

Example 5.2. Let the family {pa }acr C 9 of self-adjoint mutually orthogonal
PaP3 = 0apDa Projectors gives the orthogonal resolution ) po = 1 of unit
1 € M. It defined the normal conditional expectation € : 9t — M by

¢(z) = Zpai'?pa, (5.9)

acl
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where the summation in (5.9) is taken in sense of the o-topology.
In order to see that let us consider 9t as a von Neumann algebra of operators
on the Hilbert space H. Then for v € H one has

2 2 2 2 2
Zpaxpa = Z HpaxanH < Z ”73” ||pa'UH = ||1‘|| ”UH )
« «

(5.10)
which gives ||&(x)|| < 1. Thus since {pa}acr is orthogonal resolution of unit
the map € is an idempotent, i.e. €? = &, of the norm ||¢|| = 1. The direct
computation shows that

I€()oll* =

E(z)" = €(z") (5.11)
E(2)€(y) = €(&(x)€(y)) (5.12)
for any x,y € M. Let #; = x and p € L' (H) be such that(x;b) = Tr(zp). Thus

(€(x);b) = Tr(p > patipa) = Tr(z:i ¥ pappa) = Tr(z Zpappa = Tr(€(x)p)
a acl
(5.13)
for any b € 91,. This shows that & is o-continuous.
The range im & of the normal conditional expectation (5.9) can be charac-
terized as the commutant of the set {pq }acr of self-adjoint projectors.

&

Example 5.3. The W*-tensor product MM @ N of the W*-algebras 9t and I by
definition is (M, ®ay Ni)™ = (M Q@ N )**/Z, where the two-side ideal Z is the
polar (annihilator) of M, ®,, M. in the second dual of M, ®ay Ne. (M Ry N
is a closed subspace of (M R4, T)*). In order to explain the above definition in
the details we will follows of [48]. The cross norm «y is a least C*-norm among
all norms « on the algebraic tensor product 9t ® N satisfying a(x*x) = a(x)?
and a(zry) < a(z)a(y) for z,y, € M@ N. Existence of « is proved in Theorem
1.2.2 of [48]. The C*-algebra M @4, N (called C*-tensor product of M and N)
denotes the completion of MM ® N with respect to ay. The predual Banach space
M. Rq, N is completion of algebraic tensor product M, ® N, with respect to
the dual form «f. Finally let us recall (e.g. see Theorem 1.17.2 in [48]) that the
second dual A** of C*-algebra A is a W*-algebra and A is a C*-subalgebra of
A

After these preliminary definitions let us define the linear map &,,, : MIN —
MR indexed by a positive my € M, which satisfies (1;mo) = 1 and ||mg| = 1.
It is sufficient to fix the values of &,,, on the decomposable elements:

€ (2 ®Y) = 1® (z3m0)Y, (5.14)
where x € 9T and y € 1.

Proposition 5.6. If mg € M., is positive, ||mgl| = 1 and (1;mo) = 1 then
Emo @ MIN — MOIN defined by (5.14) is a normal conditional expectation.
Moreover
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(i) im €, = 1M

(ii) €n(1®1)=1
(iii) predual Ry, = (€py)s of €y 1S given by

Ry,(n®@m) = (1;m)ymo®@n (5.15)
form e M, and n € N,;

(iv) €, (axb) = aCp ()b for a,b € €, and x € MIN;

(v) Emg(2)* €y (2) < Ep, (z¥2) for z € MON;

(vi) if Emy(x*z) =0 then x = 0;
(vii) if x > 0 then €, (z) > 0.

For the proof of this proposition see Theorem 2.6.4 in [48].

&

Subsequently we shall discuss those three examples in detail when W*-
algebra 90t be the algebra of all bounded operators L*°(H) on Hilbert space
H. As we will see the normal conditional expectations and quantum reduction
in this case have concrete physical meaning.

6 Statistical models of physical systems

Any investigation of the physical system always establishes the existence of the
system states set S and the set O of the observables related to the system. The
choice of § and O depends on the our actual knowledge, experimental as well
as theoretical, concerning the system under considerations.

The observable X € O which describes measurement procedure is realized
by an experimental device which after application to the system prepared in
the state s € S gives some real number z € R. Repetition of the X observable
measurement on the ansamble of systems in the same state gives a sequence

{xla"'7xN} (61)
of the real numbers. The limit of the relative frequencies
— ¥ (@), (6.2)
where (2 € B(R) is the Borel subset of R, defines a probabilistic measure X on

the o-algebra B(R) of Borel subsets of the real line R.
Thereby the measurement procedure gives the prescription

p:0OxS3(X,s) — uX € P(R), (6.3)

32



which maps O xS into the space P(R) of probabilistic measures on the o-algebra
of Borel subsets B(R).

Let us remark here that the experimental construction of the map (6.3) is
based on the confidence that one can repeat individual measurement and the
limit (6.2) is stable under independent repetitions.

The pairing (X;s) defined by the integral

(X:5) = / yiX (dy) (6.4)

R

has the physical interpretation of the mean value of the observable X in the
state s, i.e. the (X;s) could be cosidered as the "value” of the observable X in
the state s.

This, what was presented above, is in some sense the shortest and most
abstract description of the statistical structure of the physical measurement
applied to the system. It is obviously not complete, since it does not yield any
information concerning structures of the spaces S and O. In order to recognize
these structures one postulates additionally certain system of axioms, see [27].

Axiom 1. From the fact that Mi = uﬁi for all X € O it follows that s1 = so
and from pXr = X2 for all s € S it follows that X; = X,.

This separability axiom means that one can separate states of the inves-
tigated system in the experimental way; also observables are distinguished by
their experimentally obtained probability distributions in all states s € S of the
system.

The rejection of Axiom 1 leads to the possibility of non-experimental recog-
nition of states and observables, what is in contradiction with rational point of
view on physical phenomena. So, the necessity of Axiom 1 follows from Okham
razor principle.

The space of probabilistic measures P(R) has two properties important for
the statistical approach to the physical systems:

i) P(R) is a convex set, i.e. for any u1,u2 € (R) and p € [0, 1] one has
pi1 + (1 = p)uz € P(R). (6.5)

ii) Let M(R) denote the set of measurable functions from R to R. It is semi-
group with respect to superposition operation and it acts on P(R) from the
left side by

Fru(Q) = p(f~1() (6.6)
ie. f*ue M(R) and (go f)* = g*o f* for f,g € M(R).

The following axiom allows the possibility of mixing of the states. Expressing
that in the precise manner, it allows to define the convex structure on S.

Axiom 2. For arbitrary s1,82 € S and any p € [0,1] there exists s € S such
that 1y = pp + (1 = p)u for all X € O.
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It follows from Axiom 1 that s is defined by Axiom 2 in the unique way.
Let us denote by F(S) the vector space of real valued functions ¢ : S — R
which have the property

©(s) = pp(s1) + (1 —p)p(s2) (6.7)

for any s1,s2 € S defined by Axiom 2. For example the mean values function
(X;+), X € O given by (6.4) fulfills the property (6.7). It is natural to assume,
what we will do, that F(S) is spanned by mean values functions. Additionally
we assume that F(S) separates elements of S, i.e. for any s1, $2 € S there exist
p € F(S) that p(s1) # p(s2). Under such assumptions the evaluation map
E:8 — F(S), defined by

ES)(w) :=wls)  weF(S), (6.8)

is one-to-one. Therefore, in the considered case, states space S can be identified
with the convex subset of the vector space F(S)’ dual to F(S). Usually S is
always considered as a convex subset of some topological vector space, e.g. see
Examples 6.1 and 6.2 presented below. So, summing up the above considera-
tions, we see that Axiom 2 allows to take the mixture

s:=ps1+ (1 —p)sy (6.9)

of the states s; and ss.

The extremal element of S, i.e. one which does not have the decomposition
(6.9) with p €]0, 1] is called a pure state.

One also postulates the axiom which permits to define the semigroup M(R)
action on the set of observables.

Axiom 3. For any X € O and any f € M(R) there exists Y € O such that

= (6.10)
foralls € S.

By the Axiom 1 the observable Y is defined univocally. One calls Y func-
tionally subordinated to the observable X. We shall use the commonly
accepted notation Y = f(X) subsequently. The functional subordination gives
a partial ordering on O defined by

X <Y iff exists f € M(R) such that Y = f(X). (6.11)

Since the antisymmetry property, i.e. if X <Y and ¥ < X then X =Y, is
not satisfied, the relation < is not the ordering in general.

Observables Y7,...Y,, are called compatible if they are functionally sub-
ordinated to some observable X: X < Yi,...,X < Y,. One can measure
compatible observables by measuring observable X, it means that they can be
measured simultaneously, what is not true for the arbitrary set of observables.
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Therefore, by postulated axioms, spaces of states S and of observables O
inherit from P(R) the convex geometry and the partial ordering respectively.
According to Mackey [27] we introduce the notion of the experimentally
verifiable proposition (question). By definition it is an observable ¢ € O
such that
VseS pl({0,1})=1. (6.12)

Let us denote by L the set of all propositions. Since for any X € O and A € B(R)
the observable xa(X), where xa is the indicator function of A, belongs to L,
one has lots of propositions.

For any proposition ¢ € £ one defines its negation ¢+ € £ by

VseS pl({1h)+pul ({1} =1 (6.13)

It is easy to see that 1: £ — L is an involution.
One assumes the following formal definition of the logic, eg. see [61].

Definition 6.1. The logic is an orthomodular lattice £ such that \/a, and

n
N\ a,, exist in £ for any countable subset {ay,as,...} C L.

For the sake of self-completeness of the text let us recall that partially ordered
set L is a lattice iff for any two a,b € £ thereis aAb € L (aV b € L) such that
anNb<aand aANb=<b(a<aVbandb=<aVd)andc<aAb(aVb=<c)for
any ¢ < a and ¢ < b (a < c and b < ¢). Binary operations A and V define the
algebra structure on £ and conditions \/ an, A a, € £ mean that £ is closed

n n
with respect to the countable application of A and V operations. If £ has zero
0 and unit 1 and there exists map L: £ — £ such that

ahat =0, aVat=1 (6.14)
att=a (6.15)
a<b=bt<at (6.16)
a<b=b=aV(bAat) (6.17)

one says that £ is orthomodular lattice, see [61].

The element b A at from (6.17) is written as b — a. The proposition a*,
which is the negation of the proposition a, is called the orthogonal complement
of @ in £. One says that propositions a and b are orthogonal and writes a 1 b
iff @ < b+ and b < a*. If a L b then proposition (question) a excludes the
proposition b.

Moreover one has

\ ay = (/\ an> ) (6.18)
Nanw = <\/ an> ) (6.19)



and
(avb)ANe=(aNc)VDd (6.20)

for a L band b < c.

The condition (6.20) is called orthomodularity property. Stronger con-
dition that if b < ¢ then (6.20) is called modularity property.

The element a € L is called an atom of Lif a # 0 and if b < a then b =0, i.e.
a is minimal non-zero element of £. The logic £ is atomic if for any element
0 # b € L there exists atom a < b.

By morphism of two logics we will understand the map ® : £; — L5 which
preserves their operations V, A, involutions 1, zeros and units.

Axiom 4. The set of propositions £ with L defined by (6.13) is logic and for
any X € O the map
BR)>A - xa(X)el (6.21)

is a morphism of the logic B(R) of Borel subsets of R into L.

For any logic £ of Definition 6.1 one can define the space P(L) of o-additive
measures and the space £(L) of proposition valued measures, e.g. see [61]. The
space P(L) by definition will consist of measures on L, i.e. functions

m: L —[0,1] (6.22)
such that
i) 7(0)=0and 7(1) =1
ii) if a1, as, ... is a countable or finite sequence of elements of £ then

71'(\/ an) = Z m(an) (6.23)

if a,, L an, for n £ m.
It follows from properties (6.17) and (6.23) that
m(a) < w(b) (6.24)

if a < b. Tt is also clear that P(L£) has naturally defined convex structure.
The space £(L) of proposition valued measures is defined in some sense as
a dual object to P(L£). Namely, the proposition valued measure E € £(L)
associated to £ is a map
E:BR)— L (6.25)

such that
i) E(l)=0and E(R) =1
11) if Al,Ag S B(R) and Al NAy = 0 then E(Al) 1L E(Ag)
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iii) if Ay, Ag,... € B(R) and Ax, N A; =0 for k # 1 then

E(UpAr) = \/ B(A), (6.26)
k

i.e. it is a logic morphism.
If f € M(R) is measurable real valued function, then f(E) defined by

F(E)(A) = E(f71(A) (6.27)

belongs to £(L) if E € £(L). The above defines subordination relation in £(L).
One defines the map v : £(L) x P(L) — P(R) by

VE(A) = n(E(A)). (6.28)
From the definition (6.28) one has
frvg =vi® (6.29)
for any m € P(L) and
Vi 4 (1—pyms = PVry + (1= D)V, (6.30)

for any E € £(L).
Let us now define the maps x : O — £(£) and ¢ : § — P(L) in the following
way

X(X)(A) := xa(X) (6.31)
and
u(s)(q) = pd({1}) (6.32)
for any q € L.
Proposition 6.2.
i) One has
x(f(X)) = f(x(X)) (6.33)

for f € M(R), and

Upsi+ (1 —p)sa) = pe(s1) + (1 = p) 1(s2), (6.34)

i.e. X : O — E(L) is equivariant with respect to the action of the semigroup
M(R) and v : S — P(L) preserves the conver structure.

it) For X € O and s € S the equality

v = (6.35)

1is valid.

Proof.
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i) The formula (6.33) follows from the definition (6.31) and from

Xa o f=Xxs1(a) (6.36)
and (6.34) follows in the trivial way from the definition (6.32)
ii) In order to prove (6.35) let us observe that
v (A) = 1(5) (X (X)(A)) = u(s) (xa (X)) = p> P ({1}) = ' (A).
(6.37)
O
Finally we assume the following
Axiom 5. The maps x : O — E(L) and v : S — P(L) are bijective.

In order to elucidate physical as well as mathematical substance of the for-
mulated above separable statistical model let us present few examples.

Example 6.1 (Kolmogorov model). In the Kolmogorov model the space of
states S is given by the convex set P(M) of all probability measures on a Borel
space (M, B(M)). The space of observables O is the set M(M) of measurable
real functions (real random variables). The subordination relation for X,Y €
M(M) is given canonically by

X <Y iff exists f € M(R) such that Y = fo X. (6.38)
One defines p : M(M) x P(M) — P(R) by
WX(A) = s(X1(A)), (6.39)

where A € B(R).

Now let us check that separability axiom is fulfilled. If s;(X~1(A)) =
s2(X7(A)) for arbitrary A € B(R) and arbitrary X € M(M). Then since
one can take as X any indicator function it follows that s1(2) = s2(Q) for arbi-
trary Q € B(M). This gives s; = so. If (X '(A)) = s(X; *(A)) for arbitrary
A € B(R) and s € P(M) then X;*(A) = X, '(A) for arbitrary A € B(R).
This gives X; = Xs.

From (6.39) it follows

P + (1= D)3 =t +(1—p)so- (6.40)

Thus Axiom 2 is fulfilled.
Also from (6.39) one has

p®H(A) = s(XTHTHA)) = (Fu)(A), (6.41)

what shows that Axiom 3 is also fulfilled.
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Logic of propositions £ in this case is equal to the Boolean algebra B(M) of
Borel subsets of M. We identify here A € B(L) with its indicator function x 4.
The partial order < in B(M) is given by the inclusion C. The orthocomplement
operation is defined by

At =M\ A  for Ac B(M). (6.42)

The lattice B(M) is distributive

AN(BVC)=(AANB)V(ANC), (6.43)
AV(BANC)=(AVB)A(AVCO) (6.44)
and A A, and \/ A, belongs to B(M) for any countable subset F. So B(M)

a€EF aEF
is a Boolean o-algebra. The map (6.21) in this case assumes the form

B(R)BA—)XAOXZXXA(A) e L2B(M). (6.45)

So it is logic morphism. One can show that any logic morphism of B(R) into
B(M) is given in this way. Thus Axioms 4 and 5 are fulfilled.

Finally let us remark that in Kolmogorov model all observables are compat-
ible.

¢

The other example of the statistical model related to a logic is the standard
statistical model of quantum mechanics.

Example 6.2 (standard statistical model of quantum mechanics). For the stan-
dard statistical model of quantum mechanics the logic £(H) is given by the
orthomodular lattice of Hilbert subspaces of the Hilbert space H. Any ele-
ment M € L(H) can be identified with the orthogonal projector E : H — M,
ie. E? = E = E*. The logic L(H) is non-distributive and for the infinite-
dimensional Hilbert space H non-modular, see [61].

For this model as the state space S(H) one assumes the set of all positive
trace class operators satisfying additional condition [|p||; = Trp = 1. The set
S(H) is convex and extreme points (pure states) of it are rank one orthogonal

projectors
) (¥

Bl = 1y (6.46)

By spectral theorem the arbitrary state p € S(H) has convex decomposition

[e.e]
p=> prBy,), (6.47)
k=1

on the pure states Efy,), where ¢ are eigenvectors of p and py > 0 are the
. . o0
corresponding eigenvalues. One has Trp ="~ | pr = 1.
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The set of observables O(H) consists of selfadjoint operators, unbounded in
general. Taking the spectral decomposition

X = /xE(d:z:), (6.48)

where E : B(R) — L(H) denotes the spectral measure of X € O(H), one defines
the probability distribution of the observable X in the state p by

WX (A) == Te(pE(A)). (6.49)

The map u : O(H) x S(H) — P(R) defined by (6.49) satisfies all axioms postu-
lated above. Let us check it.
If ,uffl = M;Q for any p € S(H) then

Trp(E1(A) — E2(A)) =0 (6.50)

for arbitrary p and A € B(R). Since E1(A) — E3(A) € iU (H) and U (H) =
U(H)* one obtains E;(A) = Ey(A) for any A € B(R), what means X; = Xo.
If X =y for any X € O(H) then

Te(p1 — p2) E =0 (6.51)

for an arbitrary orthogonal projector E € O(H). Now since U*(H) is dual
to UL(H) and the lattice £(H) of orthogonal projections is linearly dense in
U (H) with respect to (U (H), U (H))-topology one obtains p; = ps.

From the definition (6.49) one has

Hipy+(1—p)pa (D) = i, () + (1 = p)pg, (A) (6.52)

and
FruX (D) =Te(pE(f~1(A))) = u) (A, (6.53)
where

1) = [ f@)E(ao), (6.54)

for an arbitrary A € B(R). This shows that Axiom 2 and Axiom 3 are fulfilled.
The Axiom 4 is the consequence of the spectral theorem. The Axiom 5 is
the statement of the Gleason theorem, see [14]

¢

Example 6.3 (models related to W*-algebras).

In that case the logic £(91) of the physical system under consideration is
given by the lattice of all self-adjoint idempotents of W *-algebra 9t. The space
of observables consists of £(9)-valued spectral measures or equivalently the self-
adjoint operators affiliated to the faithful representations of 9t in the Hilbert
space H. The state space S(9) C M, given by the positive 0 < b € M,
normalized ||b|| = 1 o-continuous linear functionals.
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This class of physical systems contains the standard statistical model of
quantum mechanics, which is given by W*-algebra 9 = L*°(H). Also Kol-
mogorov models ca be considered as models related to the subcategory of com-
mutative W*-algebras 9t = L>(M, du).

&

Let us now explain what we shall mean by the quantization of the classi-
cal phase space M which, according to the classical statistical mechanics, is
naturally considered as a Kolmogorov model (M, B(M), M(M),P(M)). Our
approach will be done by fixing two transforms:

(i) The morphism
E:B(M)— L) (6.55)

of the Borel logic B(M) into the logic £(91) of all self-adjoint idempotents
of the W*-algebra 9.

(ii) The normal conditional expectation map
¢ M — M, (6.56)
which maps 9t on the C*-subalgebra M C 9.

Definition 6.3. The quantum phase space A, ¢ g related to E and € is
the C*-subalgebra of 9N generated by E(E(B(M))).

Many known procedures of quantization are included in this general scheme.
For example, one obtains in this way the Toeplitz C*-algebra related to the
symmetric domain, see [57, 58], in the case if one takes conditional expectation
¢ : L>°(H) — L*°(H) defined by the coherent state map, see Section 11.

7 The coherent state map

The idea which we want to present is based on the conviction that all experi-
mentally achievable quantum states s € S(H) of any considered physical system
are parametrized by a finite number of continuous or discrete parameters. One
can prove it by the experiment ad absurdum method. Because, assuming the
contrary, i.e. an infinite number of parameters, one will need infinite time for
the measurement. Mathematical correctness suggests the idea that the space of
parameters be a smooth finite dimensional manifold M (the discrete parameter
case will not be discussed here), and that the parametrizing map

K:M— S(H) c UY(H) (7.1)

be a smooth map. However in order to preserve generality of our considerations
we will also admit the possibility that M is infinite dimensional Banach mani-
fold. Even having such general assumptions one can investigate which models
are physically interesting and mathematically fruitful. However, since we are
within the framework of mechanics, we restrict the generality, assuming the
following definitions
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Definition 7.1. The coherent state map is a map K : M — CP(H) such
that:

i) the differential form K*wpg =: w is a symplectic form;
ii) the rank IC(M) of K is linearly dense in H.
We shall call the states K(m), where m € M, the coherent states.

Definition 7.2. The mechanical system will be the triple: M, H, X : M —
CP(H), where

i) M is a smooth Banach manifold;
i) H is a complex separable Hilbert space;
iii) £ : M — CP(H) is a coherent state map.

In order to illustrate the introduced notions let us present the example im-
portant from physical point of view.

Example 7.1 (Gauss coherent state map). Historically this coherent state map
can be addressed to E. Schrodinger who in the paper [49] considered the wave
packets minimalizing Heisenberg uncertainty principle.

In our presentation we will use Fock representation. The classical phase
space of the system will be assumed to be M = R?" with the symplectic form

w given by
N
wp =hld (Zpkqu> , (7.2)
k=1
where (¢1,...,9n,P1,---,Pn) are the canonical coordinates describing position
and momentum respectively. By zx = qrx + ipg, K = 1,..., N, we will identify

R2N with CV and thus w; will be given by
—1 N
Wh = 50 ; dzi Ndzy, . (7.3)

In the Hilbert space H we fix Fock basis

. 7.4
{‘nl nN>}n1,...,nNENU{O} ( )

and define the complex analytic map K : CN — H by

ni+...+nn

= 1 2 21 2
Kp(z1,...,2n) == Z % ﬁ\n1~-~nN> , (7.5)

ni,...,ny=0

where 7 is some positive parameter interpreted as the Planck constant. Since

N
<Kh(21, ceey ZN)‘K;:L(Zl, ceey ZN)> = exp (ﬁl Z |Zk|2> < +00, (76)
k=1
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the map K is well defined on CV and Kp(21,...,2x5) # 0. Thus one can define
K : CN — CP(H) by
Kr(z) = [Kn(2)], (7.7)

where [K}j(2)] = CKp(z) and z = (21,...,2n). Simple computation shows that

‘ N
_ 1 _
Kiwrs = *%3310g<Kh(2)|Kh(Z)> =5 h=100 ( E zk2k> =wp, (7.8)

k=1

i.e. Ky is complex analytic immersion intertwining Kéhler structure of CP(H)
and CV. Taking derivatives of Kx(2) in the point z = 0 one reconstructs the
Fock basis of H. Thus we conclude that vectors Kj(z), where z € CV, form
linearly dense subset of H. Summing up we see that Kp : CN — CP(H), given
by (7.7), is the coherent state map.

Let us consider the operators Aq,..., Ay defined by

ArKn(2) = 21 Kn(2) , (7.9)

i.e. we assume that the coherent states Kp(z), z € CV, are the eigenstates of
Ay, with eigenvalues equal to the k** coordinate zj, of z.
One can check by the direct computation that

Ak\nl ...nk...nN> = \/ﬁw/nkh’h N — 1...7’LN> (710)

for ny > 1 and Aglny...ng...ny) = 0 for ng, = 0. It follows from (7.10)
that Aj is an unbounded operator with dense domain given by finite linear
combinations of elements of the Fock basis.

Operator A} conjugated to Ay acts on the elements of Fock basis by

Ajlng ... ng...ny) = Vhing + Ing...ng+1...nn5). (7.11)
From (7.10) and (7.11) one obtain the Heisenberg canonical commutation

relations

[ A, A] = AR AT — A7 Ay, = hoyl (7.12)
[AkaAl] = [ ZaAﬂ =0

for annihilation A, and creation A} operators. Taking self-adjoint operators
1 *
Qk = §(Ak + A) (7.13)

1 *
P, = 27(Ak - AL,

which have the physical interpretation of position an momentum operators one
obtains the more familiar form of the Heisenberg commutation relations

(Qk, D] = gwkzﬂ : (7.14)
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The mean values of @); and P, in the coherent states [Kj(z)] are given by

_ (Kn(2)|Qi|Kn(2))
(Qi) = En () (7.15)

Kn(2)|P|Kn(2)) _
(Kn(2)| Kn(2))

and their dispersions minimalize Heisenberg uncertainty inequalities, i.e.

By =

AQAP, = g . (7.16)

In conclusion let us remark that the above facts show that coherent states
given by (7.7) are pure quantum states with the properties which qualify them
to be ones the moat similar to the classical pure states. After long period since
1926, when paper of Schrodinger appeared, it was Glauber who discovered, see
[13], that the Gauss coherent states Kp(z) have fundamental meaning for the
quantum optical phenomena.

Afterwards we will come back to the Gaussian coherent state map. It will
play in our considerations the role similar to the role of Euclidean geometry in
Riemannian geometry.

&

The notion of the mechanical system given by Definition 7.2 is too restrictive
from the point of view of the measurement procedures. For this reason let us
modify this definition as follows.

Definition 7.3. The physical system will be a triple: M, H,K : M —
CP(H), where

i) M is a smooth Banach manifold;
ii) H is a complex separable Hilbert space;
ili) £ : M — CP(H) is a smooth map.

Let us remark here that, since 7.3 one neglects the symplectic structure, in
the class of physical systems the mechanical systems form a subclass.

Now we come back to the statistical interpretation of quantum mechanics
and discuss the metric structure of CP(H) in this context. To this end, let us
fix two pure states

) (W
W) = 05 &

(V1)
where o, € H. Since U (H) C iU (H) C O(H) one can consider, for example
the state ¢([¢]) as an observable. Thus, according to standard statistical model

_ o)l
U[p]) = oo (7.17)
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of quantum mechanics, one fixes that the probability of finding the system in
the state ¢([¢]), when one knows that it is in the state ¢([¢/]), is given by

(oDl = 7y (718
The complex valued quantity
)

a([¥], [¢]) = (7.19)

V@) (ele)

called the transition amplitude between the pure states ¢([¢)]) and ¢([¢]),
plays the fundamental role in quantum mechanical considerations, see for ex-
ample R. Feynman book [12]. The following formula

le([]) = (DI, = 2(1 = la([], [pD)I*)2 (7.20)

explains the relation between ||-||;-distance and transition probability |a([], [o])]?.
One sees from (7.20) that transition probability from ¢([¢)]) to ¢([¢]) is nearly
one if theses states are close in sense of ||-||;-metric. The sequence of states
{e([tn]) }22, of the physical system is a Cauchy sequence if starting from some
state ¢([1)nr]) the probability |a([1], [¢])|? of successive transitions ¢([¢)]) — ¢([¢])
is arbitrarily close to one for n > N.

The transition probability |a([1)], [¢])|? is a quantity measurable in the direct
way. So, it is natural to assume that the set Mor(CP(H1), CP(Hz)) of morphisms
between CP(H;) and CP(H>)) consists of the maps ¥ : CP(H;) — CP(Hs))
which preserve corresponding transition probabilities, i.e. 3 € Mor(CP(H1), CP(Hz))
if

laz(2([1), S([D)I” = lar([¥], []) (7.21)

for any [¢], [¢] € CP(H1), or equivalently the maps which preserve ||-||; metric.

For two physical systems (M7, H1,K1 : My — CP(H;)) and (Mg, Ha, Ko :
My — CP(Hsz)) we shall define morphisms by the following commutative dia-
grams
K1

M, CP(H,)
o s (7.22)
M, o CP(H2)

where o € C*° (M, Ms) and ¥ € Mor(CP(H;),CP(Hs)). The morphism ¥ is
univocally defined by o. It is so by Wigner theorem [65] and the assumption
that (M) is linearly dense in H.

Therefore physical systems form the category. We shall denote it by P.
Category of mechanical systems can be distinguished as the subcategory of P
by the conditions that M; and M, are symplectic manifolds and maps Iy, s
and o are symplectic maps.
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We shall now present the coordinate description of the coherent state map
K : M — CP(H). In order to do this let us fix an atlas {Qq, Py }acr, where Q;
is the open domain of the chart ®,, : 2, — R", with the property that for any
a € I there exists smooth map

Ky: Q4 —H (7.23)
such that K,(q) # 0 for ¢ € Q4. One has consistency condition
K5(9) = 95 () K+ (9) (7.24)
for ¢ € Qg Ny, where maps
95y - Q/g N Q’Y —C \ {0} (725)
form smooth cocycle, i.e.

95+(P) = 985(P)gs~(p) (7.26)

for p € Q3N NQ;. The system of maps {Kq }acr we shall call the trivialization
of coherent state map K if one has

K(q) = [Ka(q)] = CKa(q) (7.27)

for q € Q.
Let us recall that tautological complex line bundle

C———E

CP(H)
over CP(H) is defined by
E:= {(¢,]) € H x CP(H) : ¥ € I} (7.28)

and the bundle projection 7 is by definition the projection on the second com-
ponent of the product H x CP(H). The bundle fibre 7=(l) =: E; is given
by the complex line [ C H. With the use of projection y : E — H on
the first factor of the product H x CP(H) we obtain the Hermitian kernel
Kg(l,k) : 7=Y(1) x 771 (k) — C given by

Ke(l, k) (& n) := (u(&)|pn(n), (7.29)

where £ € 771(1) and n € 7~ 1(k). It follows directly from definition that Kp is
a smooth section of the bundle

priE" @ priE° — CP(H) x CP(H), (7.30)
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where priE° — CP(H) x CP(H) is the pull back of the complex conjugate
bundle dual to E
E — CP(H) (7.31)

given by the projection pr; : CP(H) x CP(H) — CP(H) on the first factor of
the product and pr5 E* — CP(H) x CP(H) is the pull back by the projector on
the second factor.

Therefore, the tautological bundle E — CP(H) has canonically defined Her-
mitian kernel Kg € I (pri E" @ pri B, CP(H) x CP(9M)).

Another remarkable property of E — CP(H) is that the map

I:H 350 — (u()lw) = I(¢) € T(CP(H),E) (7.32)

defines monomorphism of vector spaces. Its image Hg := I(H) C ['(CP(9M),E")
can be considered as a Hilbert space with the scalar product defined by

(W) (@)E = (P|p). (7.33)
Then, after fixing the frame sections S, : 2, — E one finds
I(@) (1) = (u(Sa()]) S5 (1) =: ¢ (1)S5 (D). (7.34)

Here, {Q }acr stands for the covering of CP(H) by open subset €2, such that
77 1(Q4) = Q4 x C. Due to Schwartz inequality one gets

[Ya ()] = (p(Sa@)¥)] < [[r(Sa@)l I (7.35)
which shows that the evaluation functional e, ; : Hg — C defined by
e l(I(¥)) == va(l) (7.36)

is continuous and smoothly depends on [ € (2,, what follows from the smooth-
ness of the frame section S, : Q, — E.

Reassuming, we see that to the tautological bundle E — CP(H) one has
canonically related Hilbert space Hg C I'*°(E*, CP(H)) with continuous smoothly
dependent on [ € €2, evaluation functionals eq ;.

We will discuss later other properties of the bundle E — CP(H) important
for the theory investigated here.

Finally, let us mention that the coordinate representation of the Hermitian
kernel Kp is given by

Kie = ((Sa)|1(Sp)) pri SoE” ® pr3 Sp. (7.37)
After passing to the unitary frame u, : Q, — C, given by
Ua (1) = HSa(l)lrl Sa(l) (7.38)
one obtains .
Kg = agp([(ua)], [1(ug)]) priugE- @ pry g, (7.39)

where azg([u(ua)], [4(ug)]) is transition amplitude between the states [p(uq)] €
Qq and [p(ug)] € Q3. Therefore, canonical Hermitian kernel K, is the geometric
realization of quantum mechanical transition amplitude.
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8 Three realizations of the physical systems

In this section we shall present additionally to the standard representation the
geometric and analytic representation of the category of physical systems C
introduced in Section 7. We will show that all representations are equivalent.
The geometric one is directly related to the straightforward construction of
coherent state map in the experimental way. In order to describe it let us
choose an atlas (Qq, @a)acs of the parametrizing manifold M consistent with
the definition of the coherent state map given by (7.23). For two fixed points
q € Q, and p € Qg the transition amplitude azg(g,p) from the coherent state
t([Ka(q)]) to the coherent state ¢([K3(p)]) according to (7.19) is given by

(Ka(9)|K5(p))
1o (@K ()

azp(q,p) = (8.1)

From (7.24) one has
az(q,p) = ugy(p)az~(q: p) (82)

54D, q) = Upy(p)aza(p; q)
for p € Q3 NQ,, where uqg : Q3N Q, — U(g) is the unitary cocycle defined by
-1
ugy = |98+ 9~ (8.3)

Additionally to the transformation property (8.2) the transition amplitude
satisfies two other

azp(q;p) = ag,(p,q) (8.4)
taa(q,q) =1
for g € Q,, and
Aoy (Q1,q1) - Gman (91, 4N)
det : : =0 (8.6)
AGanor (AN, Q1) -+ Gayay (N, qN)

forall NeNand ¢1 € Qq,,---,98 € Qay-

The transition amplitude {azg(g, p)} is the quantity which can be directly
obtained by the measurement procedure. Let us recall for this reason that
|aag(q,p)|2 is the transition probability and phase |azg (q,p)|_1 azp(gq, p) is re-
sponsible for the quantum interference effects.

The property (8.5) means that transition amplitude for the process

is equal to 1. We shall illustate the physical meaning of the property (8.6)
considering it for N =2 and N = 3. In the case N = 2 one has inequality

! U0, (415 G2) )
d t 12 = 1 — T , 2 07 8.7
‘ ( amsa (42, q1) 1 | 0@, (1, 42)| (8.7)
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which states that transition probability between two coherent states is not
greater than 1. One can express (8.7) graphically in the following way

AR

° >0
q1 q2 Q1\//Q2
For the case N = 3 one obtains
2 2 2
11— |a526¥3 (Q27 q3)| - |a536¥1 (q37 ql)' - |a51a2 (q1; q2)| + (88)

+a52a1 (CI27 Q1)aala3 (Q1» q3)a53a2 (q37 Q2)+052a3 ((I27 q3)a63a1 (q37 (11)aala2 (qla CI2) > 07

which corresponds to the positive probability of the following alternating sum

of the virtual processes
GO0 O SO
[ ) [ ) [ ] — [ ) [ ) [ ) [ ] [ ] [ ]

q1 q2 as q (I2\\//(I3 th\ q2 /Q3

7N TN 7N TN
+ e . e + e . e 0
Q1\ a2 / a3 Q1\\ q2 / q3
~— ~
The property (8.4) says that the transition amplitudes of the processes
[} [} [ ] [ ]
a1 a2 a1 42

are complex conjugated.

In order to understand the geometric sens of the transition amplitude we
shall introduce the notion of the positive Herimitian kernel. Therefore let us
consider the complex line bundle

C———=L

M
over manifold M with the fixed local trivialization
Se :Qy — L (8.9)

Jap : Qo Nz — C\ {0},
i.e. So(m) # 0 for m € Q, and

Sa = gapSg on Q4 NQg (8.10)
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and
Yas9py = Gay OL Qq N Qﬁ N Q’Y’ (8.11)

where (Qa, Pa)acr) forms an atlas of M.
Using the projections

M x M
7N
M M

on the first and second components of the product M x M one can define the
line bundle

C——=priL*®prjL*

(8.12)
M x M
with the local trivialization defined by the tensor product
pri gz ® pry ?; : Qq X Qg — pri L* ® prj L* (8.13)

of the pullbacks of the local frames given by (8.9).

Let us explain here that L* is dual to L and L* is complex conjugation of
L*. The line bundle (8.12) by definition is the tensor product of the pullbacks
pri L* and prj L* of L* and L* respectively.

Definition 8.1. The section Ky, € C°°(M x M,pri L* ® prj L*) we shall call
the positive Hermitian kernel iff

Kapgp) = K5,(p:0),

Kaa (qa q) > 07 (814)
N JR—
Z K(xijak (QJv qk)vjvk 2 0
kj=1
for any ¢ € Qu, p € Qp, @ € Qu,, v,..., oY € C and any set of indices
a, B,aq,...,ay resulting from covering M by open sets Q,, o € I, where
Kag : Qo x Qg — C (8.15)

are the coordinate functions of Kp, defined by

K1, = Kzp(q,p) pri S, (q) @ pry Ss(p) (8.16)

on Q, x Qg.
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It follows immediately from the transformation rule

K55(4,p) = gory(0)985(p) K56(q, p) (8.17)

for ¢ € Qo N Q, and p € Qg N Qs that the conditions (8.14) are independent
with respect ot the choice of frame.
The relation of KT, to the transition amplitude on M is recognized by noticing

that
Kap(q,p)
KEa(Q; Q)%Kﬁﬂ (p7 p)%

fulfills properties (8.2)-(8.6) of {agg(q,p)} defined by (8.1).

The line bundles with the distinguished positive Hermitian kernel (L —
M, K7,) form the category £ for which the morphisms set Mor[(Ly — My, K1), (Ls —
My, K1,,)] is given by f : My — M; such that

Ly = f"Ly = {(m,§) € My x Ly : f(m) = m(£)} (8.19)

(8.18)

and

* « ool « a1
Ky, = f*Kv, = Kz5(f(a), f(0)) pri S*o (f(@) ®@ pr3 S*5(f(p)  (8.20)
ie.
KZ5(a,p) = Kz5(f(0), f(0)) (8.21)
for g € f71(Qy) and p € F71(Qp).
The above expresses the covariant character of the transition amplitude and

its independence of choice of the coordinates.
There is a covariant functor

Ficp : Ob(P) — Ob(K) (8.22)

between the category of physical systems P and the category of the positive
Hermitian kernels, naturally defined by

L=8&FE={(m¢eMxE:f(m)=n&)} (8.23)

and by
Kap(q,p) = (Ka(q)|Ks(p)), (8.24)
where K, : Q4 — C\ {0} is given by (7.23)-(7.27). The functor Fgp maps
(0,%) € Mor(M; 25 CP(H,), My 22 CP(Hs)) on f € Mor[(Ly — M, Ky,), (Ly —
M27K]L2)] by f = 0.
The positive Hermitian kernel K7, canonically defines the complex separable
Hilbert space Hj, realized as a vector subspace of the space I'(M,IL*) of the

sections of the bundle L™ — M. One obtains Hy, in the following way. Let us
take the vector space Vi 1, of finite linear combinations

N N
v = Z vil,(q:) = Z viKap, (p, 41)S% (D) (8.25)
i=1 i=1
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of sections o o
Kp,(¢:) = Kap, (p,0:)Sa(p) € T(M,L*), (8.26)
where ¢ € Qg with the scalar product defined by

N
(vw) == Z viw; Kg 5 (¢i,q5)- (8.27)

i,j=1
It follows from the properties (8.14) that the pairing (8.26) is 1%—linear and that

= [0l Ks()I” < (v]v) Kg4(p, ), (8.28)

N
ZWKﬁiﬂ(Qi,w
i=1

from which one has v = 0 iff (v|v) = 0. Therefore (8.26) defines positive scalar
product on Vi ..

Proposition 8.2. The unitary space Vi 1. extends in the canonicaﬁnd unique
way to the Hilbert space Hx 1, which is a vector subspace of T'(M, L*).

Proof. Let {v,} be the Cauchy sequence in Vi .. Then

Up = vna(p)?;(p)7 (829)

where
Vna(p) = (Ka(p)|vn)- (8.30)

From Schwartz inequality (8.28) one obtains that {v,.(p)} is also Cauchy se-
quence. So one can define by

v(p) = lim vua(p)SE(p) = va(p)SE(p) (8.31)

n—oo

the section v € I'(M,L*). Let Vi1 be the abstract completion of Vi y. Using
(8.29) one defines one-to-one linear map of Vi 1, into I'(M,L*) by

I([{va})(p) == v(p), (8.32)

where [{v, }] is equivalence class of Cauchy sequences. Let us now define Hilbert
space Hx 1, as I(Vk 1) with the scalar product given by

(t|s) :== (I )| I (s)) for s,t € Hx L. (8.33)

The Hilbert space Hg 1 is realized by sections of L* and extends uniquely the
unitary space Vi .. O

Obviously for v € Hg 1, one has

v =va(p)S; = (Ka(p)v)SE, (8.34)
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which shows that the evaluation functional e, (p) : Hx, — C defined by
ea(p)(v) = va(p) (8.35)

is a continuous linear functional and e, (zi depends smoothly on p € . Hence,
we see that Hilbert space H 1 C I'(M,L*) possesses the property that evalua-
tion functionals e, (p) : Hx 1 — C are continuous and define smooth maps

€a : Qo — Hicp, \ {0} (8.36)

for a € I. Since e, (p)(Kuo(p)) = Kaa(p,p) > 0 eq does not assume zero value
in HK,]L-

Motivated by the preceding construction let us introduce the category $ of
line bundles . — M with distinguished Hilbert space Hy, which is realized as
a vector subspace of I'(M, L*) and has the property that evaluation functionals
eq(p) are continuous, ie. |eq(p)(v)|| < Mayp|v| for v € Hr, My, > 0 and
define smooth maps e, : Qo — H; \ {0}.

By the definition the morphisms set

Mor[(Ly — M, Hy,), (Ly — Ma, Hy,)] (8.37)

will consist of maps f : My — M; which satisfy f*L; = Ly and f*Hp, = Hi,-
In order to prove the correctness of the definition let us show that the vector
space

f Hy, = {f"v|v e Hy, } (8.38)

of the inverse image sections has a canonically defined Hilbert space structure
with continuous evaluation functionals smoothly dependent on the argument.
It is easy to see that

ker f* = {v € Hy,|f*v =0} (8.39)

is the Hilbert subspace of ‘Hy,,. We define the Hilbert space structure on f*Hy,
by the vector spaces identifications

[ My, = Hy, /ker f* 2 (ker f*)* (8.40)

ie. f*Hp, inherits the Hilbert space structure from the Hilbert subspace
(ker f*)+. In order to prove the property (8.36) for f*e,(p) = ea(f(p)) we
notice that

|(F*0)a(p)| = [va(F (D] < May g ([[°[] + 0] (841)
for p € f71(Q4q). Because of 92 (f(p)) = 0, the left hand side of the inequality
(8.36) does not depend on " € ker f*. This results in
(F el < Moy ,min VN HI9 D) = Mooy 197 = Mo g 1772011

Ocker f*
(8.42)
The above proves the continuity of the evaluation functionals f*e,. The
smooth dependence of f*e,(p) = eo(f(p)) on p follows from the smoothness of

f.

In such a way the category b is defined correctly.
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Proposition 8.3. Let f : My — M, be such that f*IL; = Lo and f*K, = Ky
then f*HlLl,Kl = H]Lz,Kz-

Proof. The equality f*K; = Ky means K1, (f(p)) = Kao(p) for p € f71(Q14)
and Soo = f*S1a : f71(Q4) — La. Because Ki,(f(p)) are linearly dense if
[*Hk, 1, and Koq(p) are linearly dense in Hp, 1,,, this shows that f*Hy, x, =
HIL2,K2- O

Now we conclude from Proposition 8.2 that there is canonically defined co-
variant functor Fy ¢ : 8 — b:

Fya(L— M,K) = (L - M, Hy k) (8.43)

from the category £ of line bundles with distinguished positive Hermitian kernel
to the category h of K, € T'(M x M, pr; L* @ prj L*) line bundles with distin-
guished Hilbert space Hy C I'™°(M,L*) with some additional conditions on the
evaluation functionals.

Now let us discuss the relation between the category h and the category of
physical systems. Let (. — M, Hy,) be an object of the category . Taking the
smooth maps

Ky : Qo — M\ {0}, (8.44)

which represent the evaluation functional maps e, : Q, — Hy \ {0}

ea(p) = (Ka(p)[) (8.45)
on ), we construct the smooth map K% : M — CP(Hy) given by

K"(q) = [Kq(q))- (8.46)

Because of K, (q) = gas(q)Kps(q) the definition (8.46) of K is independent on
the choice of frame. The smoothness of KT is ensured by the one of eq : Qo —

Hi .
Proposition 8.4. The correspondence

Fpp[(L — M, Hy)| := (M, Hy, & : M — CP(H*)) (8.47)

Fro (%) = (fles)),

where (L — I', HL) € Ob(h), f* € Mor[(Ly — My, Hy,), (Le — Ms, Hy,)] and
wf : Hu, — Hy, is the monomorphism given by

Ki1a(f(p) = Kio(f(0)) = ¢(K2a(p)), (8.48)

defines the contravariant functor

.7:73() : h — P. (8.49)
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Proof. 1t is enough to mention that relation (8.48) implies the commutativity
of the diagram

Kb

1

M, CP(H™)
f les] (8.50)
My ——— CP(H'2)
K52
O
Summing up statements discussed in above one has
Proposition 8.5. The categories R, h and P satisfy the following relation
P
Far Fry
(8.51)
]:hﬁ

i.e. functors defined by Fpy o Fog =: Fpa, Fap o Fpy = Fay and Fyg o
Fap =: Fyp are inverse to Fap, Fya and Fpy respectively. Moreover, functors
Fay and Fap are given explicitly by

Fapl(L = M, Ho)] = (L — M, K = (Ko|Kg)priL" ®pri L) (8.52)
Fap(f7) =17,
where Ky : Qo — HpathbbL \ {0} is given by (8.45), and
Fop|(M,H,K: M — CP(H))] = (K'E — M,K*"HEg) (8.53)
Fyp(o,X) = o.

The following definition introduces an equivalence among the objects taken
into consideration.

Definition 8.6.

i) The objects (L — M, K1), (L' — M', K{,) € Ob(R) are equivalent iff M =
M’ and there exists a bundle isomorphism x : L. — L’ such that k*K], =
K.

ii) The objects (L — M, Hy), (L' — M’', Hi,) € Ob(h) are equivalent iff M =
M’ and there is a bundle isomorphism  : L — L’ such that x*H{, = Hy.

iii) The objects (M,H,K : M — CP(M)),(M'",H',K' : M — CP(M')) €
Ob(P) are equivalent iff M = M’ and there is automorphism ¥ : CP(H) —
CP(H') such that K" = X o K.
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These equivalences are presented by morphisms of between all three cate-
gories. This allows us to define the categories 6, £ and P whose object classes
consists described above equivalence classes and morphisms are canonically gen-
erated by morphisms of the categories ), R and P respectively.

The main result of considerations given above, which shows that are three
independent ways of presentation of the physical systems, is expressed below.

Theorem 8.7. The categories h, R and P are isomorphic.

Proof. Tt follows by a straightforward verification. Let us recall only that two
categories X and ) are said to be isomorphic if there exists a functor 7 : X — Y
such that

i) for any object Y of ) there exists a unique object X of X such that F(X) =
Y.

b

ii) for any pair X;, Xs of objects of X the map which associates to each
morphism f* : X; — X5 the morphism F(f*) : F(X;) — F(X2) is a
bijection of the sets of morphisms.

O

9 The Kostant-Souriau prequantization and pos-
itive hermitian kernels

We shall present indispensable for the investigated theory of the physical sys-
tems, elements of the geometric quantization in sense of B. Kostant [24] and J.
M. Souriau [52]. It is based on the notion of the complex line bundle L. — M
with the fixed Hermitian metric H € C*°(M, L'® L*) and metrical connection
V:C®(Q,L) - C®(Q,LT*M), ie.

i)
V(fs)=df ® s+ fVs (9.1)

ii)
dH (s,t) = H(Vs,t)+ H(s, Vt) (9.2)

for any local smooth sections s,t € C*°(Q,LL) and f € C*°(Q), where Q is the
open subset of M. Let s, : Qo — L, a € I be a local trivialization of L — M,
see (8.9). According to the property of (9.1) one gives V and H univocally by
defining them on the local frames

Vsy = ko @ 54 (9.3)

H<Sa78a) = Hga, (94)

where k, € C®(Q, T*M) and 0 < Hz, € C*(£2,) and assuming the transfor-
mation rules

ka(m) = kg(m) + g5 5(m)dgas(m) (9-5)
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Ha(m) = |gas (m)|” Hgy(m) (96)

for m € Q,NQp, where cocycle g : 2N — C\{0} is defined by so = gassg.
Let us remark here since I. — M is complex line bundle, that the connection
1-form

ko(x) = koy(z)dz, (9.7)
where (z!,...,2") are real coordinates on ), assume complex values, i.e.
kap : Qa — C. (9.8)

The consistency condition (9.4) locally assumes the form
dlog Hap = ko + ka- (9.9)
Thus and from the gauge transformation (9.5) one obtains that
curv V := dk, on 2, (9.10)

is globally defined ¢R-valued 2-form, i.e. curvature form for the hermitian con-
nection defined on U(1)-principal bundle UL — M. By definition we will con-
sider UL — M as the subbundle of . — M consisting of elements ¢ € w1 (m)
of the norm H(m)(&, &) = 1.
If one assumes
Jap = €*Ticas (9.11)

then
Cafy ‘= CaB + C3y + Cya (9.12)

is Z-valued cocycle on M related to the covering {Q4}aecr and defines the el-
ement c;(L) € H?(M,Z) called the Chern class of the bundle L. — M. ¢;(L)
defines the last one up to bundle isomorphism, see for example [24]. Because of

27ridca/3 = ka - kﬁ (913)
the real-valued form )
W= o curvV (9.14)
satisfies
[w] = e1(L) € H* (M, Z,). (9.15)

Therefore it has integer cohomology class is. So (9.15) is the necessary condition
the closed form 27iw to be the curvature form of a Hermitian connection on the
complex line bundle. It follows from Narisimhan and Ramanan paper [31] that
this is also the sufficient condition. We will come back in the below to the
question.

One has the identity

[V, Vyl = Vigy = 2miw(z,y) (9.16)

which can be proved by direct computation.
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Now, let us assume that curvature 2-form is non-singular. Thus, since

dw = 0, w is symplectic form and one can define the Poisson bracket for
f,g € C*°(M,R) as usually by

where X ; is hamiltonian vector field defined by
w(Xy,) = —df. (9.18)

That was idea of Souriau (and Kostant) to consider the differential operator
Qy : C=(M,L) — C*=(M,L) defined by

Qf : Vx, +2mif (9.19)
for f € C°(M,R). It is easy to see from (9.1) and (9.16) that
Qir.gr = Q. Q4] (9.20)

i.e. the map @ called Kostant-Souriau prequantization is a homomorphism
of the Poisson-Lie algebra (C°°(M,R),{-,-}) into the Lie algebra of the first-
order differential operators acting in the space C°°(M, L) of the smooth sections
of the line bundle L. — M.

In this moment we are far from the quantization of the classical mechanical
physical quantity f € C*°(M,R). Since this reasons it is necessary to construct
the Hilbert space Hy, related to C°°(M,L) in which the differential operator
Q@ can be extended to self-adjoint operator Q7f being the quantum counterpart
of f. An effort in this direction was done by using the notion of polarization,
see for example [51, 67]. In the sequel we shall explain how one can obtain the
polarization from the coherent state map, which as we will see is most physically
fundamental object.

After this short review of the Kostant-Souriau geometric prequantization, we
shall describe as it is related to our model of the mechanical (physical) system.
In order of this let us fix the line bundle . — M with distinguished positive
Hermitian kernel Ky, which as it was shown, equivalently describes the fixed
physical system. We define the differential 2-forms wj 2 and w9 ; on the product
M x M by

Wwi2 = idldg IOg Kalag (9.21)

Wog = idgdl log Kazal, (9.22)

where K&, o, are coordinates of Ky, in the local frames
pris,, ®prysh, : Qo X Qo, — prj L @ pryL*. (9.23)

Operations d; and ds are differentials with respect to the first and the second
component of the product M x M, respectively. The complete differential on
M x M is their sum d = di + ds.

From the transformation rule (8.17) and from the hermicity of Ky, we get
the following properties of w12 and wo;.
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Proposition 9.1.
i) wia = —way does not depend on the choice of trivialization;
i) Wiz = wa1
i11) dwia = 0.
Let us also consider 1-forms
kaa, = dolog K&, o, (9.24)

klal = d]_ lOg Kalaz (925)

which are independent on indices @; and @s, respectively, and satisfy the trans-
formation rules

k2&2 = kQﬁz + dz log Gas 3o (926)

ki@, = kyg, + di10gGa,p; - (9.27)
Let A : M — M x M be the diagonal embedding i.e. A(m) = (m,m) for
m € M. We introduce the following notation

1
AN*K=H TA*wlg =w and A%ky, =kq,. (9.28)
T

Now, it is easy to see that the following proposition is valid.
Proposition 9.2.
i) H defined by (9.28) is a positive hermitian metric on L.

ii) The 1-form ko € C®(Qu, L ® T*M) (k, € C™(Qo, L@ T*M) defined by
(9.28) gives local representation of a connection V (V) on the bundle L

L).
iii) One has curvV = 2miw for w defined by (9.28).
iv) The connection V is metric with respect to H.
According to [24] we assume the following terminology.

Definition 9.3. The line bundle . — M with distinguished hermitian metric
H and the connection V satisfying the consistency condition (9.2) we shall call
pre-quantum bundle and denote by (L — M, H, V).

The pre-quantum line bundles form the category with the morphisms defined
in the standard way. We shall call £ the category of pre-quantum bundles.
From [31] one can obtain
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Proposition 9.4. For any pre-quantum bundle (L — M, H,V) there exists
smooth map K : M — CP(H) such that

(L > M,H,V)=(KE — M,K*Hps,K*Vps) (9.29)

i.e. the line bundle . — M, the hermitian metric H and the metric connections
V can be obtained as the respective pullbacks of their counterparts E — CP(H),
Hpg and Vg on the complex projective Hilbert space CP(H)

From the Proposition 9.4 and Theorem 8.7 one concludes that construction
given by formula (9.24)-(9.28) define covariant functor from the category of
positive hermitian kernels & on the category of pre-quantum line bundles L.

Taking the above remarks into account that metric structure H, the con-
nection V and curvature form w related to the positive hermitian kernel K, by
the (9.28) are given equivalently by the coherent state map K : M — CP(H) as
follows

Hz0(4,9) = Kaa(q,9) = (Ka(9)|Ka(q)) (9-30)
(Ka(q)|dKa(q))
halq) = Sel@Ztald)) (9.31)
(Ka(q)|Kalq))
1 <KQ(Q)|dKo¢(Q)>>
w=—d| ——"1(q 9.32
i () @ 9:32)
for q € Q.
In order to find the quantum mechanical interpretation of the connection V
and its curvature form 27iw let us take the sequence ¢ = q1,...,qn_1,9n8 = p

of the points ¢; € €2q,, for which we assumed Q,, = Q, and Q,, = Q3. Ac-
cording to the multiplication property of the transition amplitude, the following
expression

aaﬁ(q7 q2, .-, QN—17p) =A@ an (q; q?) o a/aNflﬁ(QN—hp) (933)

gives the transition amplitude from the state ¢([Kq(q)]) to the state ¢([Kz(p)])
under the condition that the system has gone through all the intermediate co-
herent states ¢([Kn,(g2)])s- -5 t([Kay_, (@n-1)]). We shall call the sequence

U[Kay (@) - -5 el[Kay (an)]) (9.34)

of coherent states a process starting at ¢ and ending at p. Consequently
aas(4q, g2, ..., qn—1,p) will be called the transition amplitude for that process.

Let us investigate further the process in ¢ (C(M)) parametrized by a piecewise
smooth curve v : [1;, 7¢] — M such that (1) = g for 7, € [1;, 7¢] defined by
Thtl—Tk = ﬁ (7f—7;). Then in the limit N — oo this y-process may be viewed
as a process approximately described by the discrete one (g, qso,...,qn—1,D).
The transition amplitude for the process v is obtained from (9.33) by the limit
N — o0

N—-1
agp(g, 7, p) = lim I ea.0ne (V@) ¥(Tr11)). (9.35)
k=1
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Taking into account the smoothness of K, : 2, — H and piecewise smooth-
ness of v we define

AK o, (V(Tk)) 7= Koy, (7(Th41)) = Koy (Y(78)), (9.36)

where we assumed in (9.36) that v(7%), v(7k+1) € Qa,. Then, using (9.26) and
assuming that y([r;, 7¢]) C Qq, one has

(9.37)

==

Q

kol
—
=
=

kol
—
<)
=
\_/
[N}

gy (4:7,p) = Jim (2

o < (+(m >>AKak<v<n>>>>
V() [Kap (v (1))

N-1

=i (@)K, (0) ) V()| AKa, (7(m)) _
N ( > plz A () By (170)

_ (<Kak(q)Kak(Q)>)2 o Kaptdr _

1=

=

g dr

T Tf
. dry (Kay|dKa,) dy
expz/ImKak o dT—expz/Im<:k|Ka:> de

After expressing the connection V = K*VES in the unitary gauge frame

! : 9.38
Uy ‘= m Say ( . )

ie. (Ko [dEKo )
Vg = iIm~— %L @y, (9.39)

(Ko [ Kay)

we obtain that transition for the piecewise process v([r;, 7s]) starting at ¢ and
ending at p is given by the parallel transport

(K|dK)
(K|K)

azp(q; 7, p) = expi / Im (9.40)

v([risTs])

from L, to L, along v with respect to the connection V. In (9.40) we applied

the notation &i‘jl{% = <<I§<“a‘|dli>> on €, and by the integral | S E— Im7<g(|“1[§>

we mean the sum of integrals over the pieces of the curve ~([r;, 7¢]) which are
contained in §2,,.
Since the connection V is metric, one has

lams (g7, p)|° =1 (9.41)
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for the transition probability of the considered ~y-process. This is a consequence
of the continuity of the coherent state map to K : M — CP(H) C U'(H) with
respect of ||-||;-metric, which causes that azg(q(7),q(7 + A7)) = 1 for AT = 0.
Therefore, for the classical process, i.e. continuous ones, the interference effects
disappear between the infinitely close ¢(7) =~ ¢(7 + A7) classical pure states.
It remains only as a global effect given by the parallel transport (9.40) with
respect to V.
For two piecewise smooth processes starting from ¢ and ending in p

M
q p
72
one has the following relation
asp(q,72,p) = azp(q,y1,p)e”™ = (9.42)

between the transition amplitudes, where the boundary 0o = 71 — v2. The
factor €?™ «“ does not depend on the choice of o. Hence, one concludes that
the curvature 2-form w measures the phase change of transition amplitude for
the cyclic piecewise smooth process.

According to path-integral approach the quantum probability amplitude one
can define the path integral over the processes starting from ¢ and ending in p

; (K|dI) (K dK
aala.)i= [DEle EEE —— [T dewes / R
TE[Ti,Tf)
(9.43)
where
I @@= (9.44)
TE[Ti,7f]
= 1\/121100/2]152 (72))dpr (v(72)) /52 hon o (V(Tv—1))dpr (v(Tn-1))
M N—-1

n
and pr = A w is the Liouville measure on (M,w), as the transition amplitude
azp. This point of view on the transition amplitude we will use to find the
Lagrangian description of the system.

Having in the mind the energy conservation law we will admit in (9.44) only
those trajectories which are confined to the equienergy surface H ~!(E), where
H € C°°(M) is the function of total energy of the considered system. Let then
az3(q,p; H = E = const) denotes the transition amplitude from /C(q) to K(p)

62

dT

)



which is the result of the superposition of the equienergy processes. In order to
find azs(q,p; H = E = const) one should insert the J-factor

“+o0
S(H(y(m)) — E)dpr (v(1x)) = /e*i(H(Wk>>7E)A(T’“)d>\(Tk)duL(V(Tk)) (9.45)

into (9.43). Thus we obtain

amp(q,p; H = E = const) = II der®ar)- (9.46)

T€[7i,7y]

T

- exp z/ <Im <g{!f[g>JZZdT — (h(y(m)) — E))\(T)) dr

T4
Now according to Feynman the Lagrangian L of the system is given by

% =1Im <<I;|df((>>_:6§z — H(y(t)), (9.47)

where the summand I'm (@f}g) JCCITZ is responsible for the interaction of the sys-

tem with the effective external field resulting from the way the coherent state
map K : M — CP(H) has been realized.

10 Relation between classical and quantum ob-
servables (quantization)

The fundamental problem in the theory of physical systems is to explain how
to construct the quantum observables if one has their classical counterparts.
Traditionally one calls this procedure the quantization. Let us now explain
what we mean by quantization in the framework of our model of the mechanical
system. In order to do this let us take two mechanical systems (M;,w;, KC; :
M; — CP(H;)), i = 1,2, and consider the symplectomorphism o : M; — M.
By the quantization of o we shall mean the morphism

Y SpC™>®(M;, M3) 5 0 — (o) € Mor(CP(H),CP(H)))
defined for such o for which the diagram (7.22) commutes. One has
2(0100'2) 22(02)02(01) (101)

for o9 : M7 — My and o9 : My — Mj. It is clear that not all elements of
SpC* (M1, M) are quantizable in this way. If My = My, H; = He and K1 = Ky
the quantizable symplectic diffeomorphisms o : M — M form the subgroup
SpDiff (M, w) of the group SpDiff (M,w) of all symplectic diffeomorphism of
M. Since ¥(0) : CP(H) — CP(H) preserve the transition probability it follows
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from Wigner theorem, see [61],that there exists a unitary or anti-unitary map
U(o) : H — H such that
Y(o) =[U(0)]. (10.2)

The phase ambiguity in the choice of U(c) in (10.2) one removes by the passing
to the lifting

: (10.3)

M

< CP(H)
of the coherent state map K : M — CP(H), where the C*—principal bundles
L’ and E’ are obtained from L. and E by the cutting off zeros sections. Fixing
the unitary (anti-unitary) representative U (o) one obtains ¢’ from (12.112) and
from E' = H \ {0}
L — K R
o Uo) (10.4)
Lf— = F
’C/

where the lifting

/
g

L/ — =1/
: (10.5)

M M

is defined by U(o) in the unique way. The map ¢’ defines the principal bundles
authomorphism and preserves the positive Hermitian kernel Ky, = K*KF, i.e.

o' (c€) = co'(€) (10.6)
for ce C\ {0} and £ € I and

Ky (0'(&1),0'(62)) = KL(&1,&2) (10.7)

for £,& € /. The inverse statement is also valid.

Proposition 10.1. Let . — M be the complex line bundle with distinguished
positive Hermitian Kernel Ky, and the diffeomorpism o : M — M that has a
lifting o’ : L' — L/ which satisfies (10.6) and (10.7). Then there are uniquely
defined coherent state map K : M — CP(H) and the unitary (anti-unitary)
operator U(c) with the property (10.4).
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Definition 10.2. The one—parameter subgroup o(t) C DiffM,t € R, we call
the prequantum flow if and only if it admits the lifting o’(¢) € Dif fL, t € R,
which preserves the structure of the prequatum bundle (L. — M, 7, H).

It was shown by Kostant [24] that the Lie algebra Lie(L*, v/, H) of the vector
fields tangent to the prequantum flows is isomorphic with the Poisson algebra
(C>°(M,R),{-,-}) where the Poisson bracket {-,-} is defined by w. It follows
form Proposition 12.3 and Proposition 9.4 that the prequantum bundle structure
is always defined by a coherent state map K : M — CP(H) or, equivalently, by
a positive Hermitian kernel K1, = K*Kp.

Definition 10.3. The one-parameter subgroup o(t) € SpDiff M, ¢ € R, we call
the quantum flow if and only if it preserve the structure of the physical system
(M,H,K : M — CP(H)), i.e. there is one parameter subgroup (¢), ¢ € R such

that
K

M CP(H)
a(t) S(t) (10.8)
M = CP(H)

for any t € R.
Theorem 10.4. The following statements are equivalent:

(i) The one—parameter subgroup o(t) € Difft M, t € R, is a quantum flow of
the physical system (M, H,K : M — CP(H)).

(ii) The one—parameter subgroup o(t) € Diff M, t € R, has the lifting o’(t) :
L' — L', t € R, which preserves the bundle structure of " and the positive
Hermitian kernel Ky, = K*K,.

(111) There are the lifting o’(t) € DI, ¢t € R and the strong unitary (anti—
unitary) one parameter subgroup U(t) € AutH, t € R, such that

!

L’ E

o' (1) v (10.9)

V—F

for any t € R, where E' = H \ {0}.

The vector field tangent to the quantum flow o’(t), ¢t € R, is the lifting of
the Hamiltonian field X, € I'°(TM) generated by f € C°°(M,R), see [24].
So, the strong unitary one-parameter subgroup U7 (t), t € R given by (10.9)
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depends univocally on f. The Stone-von Neumann theorem states that there is
the self-adjoint operator F' on H such that

Ul (t) = e F. (10.10)

The domain D(F) of F is the linear span [.s.(K(M)) of the set of coherent
states. Representing F' in the Hg . C I'*°(M,L*) we obtain

w :}%%(J/(_t)q}_\p) — (Vx, +2mif) ¥ (10.11)

—iF¥ = lim
t—0
for ¥ € D(F). The second equality in (10.11) is possible since I.s.(C(M)) is
U/ (t) invariant , t € R. Hence, Kostant-Souriau operator —i@); is essentially
self-adjoint on [.s.((M)) and the infinitesimal generator of U (t) is its closure.
Let us denote by C°(M,R) the space of function which generate the quan-
tum flows on (M, H,K : M — CP(H))). It follows from (ii) of the Theorem
10.4 that it is the Lie subalgebra of Poisson algebra C'*°(M,R). One also has

[Qr, Qql = iQ .0y (10.12)

what means that —iQ) defines Lie algebras homomorphism, i.e. it is quantiza-
tion in Kostant-Souriau sense. We remark that one does not use the notion
of polarization, which plays the crucial role in the Kostant—Souriau geometric
quantization [67]. In the theory developed here the polarization does not have
the crucial meaning. It could be reconstructed from the coherent state map or
from the positive Hermitian kernel [39].

11 Quantum phase spaces defined by the coher-
ent state map

This section is based on the paper [39]. We will begin by explaining how coherent
state map K : M — CP(H) defines the polarization P C TCM in the sense of
geometric quantization.

Therefore let us consider the complex distribution P ¢ T©M spanned by
smooth complex vector fields X € I'>°(TCM) which annihilate the Hilbert space
I(H) cT=(M,L"), i.e.

P= || Pu, (11.1)
meM

where
P, :={X(m): X e P™(T°M) and V1) = 0 for any ¢ € [(H)}.  (11.2)
To summarize the properties of P we formulate

Proposition 11.1.
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i) The necessary and sufficient condition for X to belong to I'*°(P) is

X(Ka) = ka(X)Ka. (11.3)

it) The distribution P is involutive and isotropic, i.e. for X, Y € I'*°(P) one

has
[X,Y]eI*(P) andw(X,Y)=0. (11.4)
i) If X € T°°(P N P) then
Xiw=0 (11.5)
iv) Positivity condition: o
iw(X,X) >0 (11.6)

for all X € T'>°(P).
Proof.

i) By the definition one has that X € I'>°(P) iff VyI(v) = 0 for any v € H.
From (12.95) and (9.31) we get

Vit(o) = X (o) - e () ) @ =
= (X(K,)| <]1 — w> v >3 = (X(Ka) — ka(X)Ku|v > 55
Thus we have proven (11.3).
ii) From
o aeldFa) (R ARG (KK A oldES)

(KaolKa) (KaolKa) (Ka|Ka))?

and (11.3) we obtain

_ 1 <Y(Ka)|Y(Ka)> B <?(Koz)‘X(Ka)>
o) =5 ( (KalKa)

_ <Y(Ka)|Ka><Ko¢|Y(Ka)> — <Y(Koz)Ko¢><Ka|X(Ka)>>
((KalKa))?

= 2 (Falka¥)  FalTPhalX) — ha(KkalY) 4 Fa(V)ha(X)) = 0
(11.8)
for X,Y € I'*°(P). Using the identity
dka(X, Y) =VxVy —VyVx — V[X, Y] (11.9)

and (11.8) we conclude that P is involutive isotropic distribution.
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iii) Let X € [°°(P N P), then

_ <Ka|dKa> _ 1 5%
£xka = £x (KolKo) — (KalKa) (X (o) o)+
1 I
+ <Ka|X(Ka)>) ka + m (<X(Ka)|dKa> + <Ka|dX(Ka)>) =

= = (Fa(X) + ka(X)) ka + ka(X)ka + Fa(X)ka + d (ka(X)) =

d (ko (X)) + Xodkoy — Xodky = £xko — Xodkq (11.10)
Hence one has (11.5).

iv) For X € I'*°(P) one can write

Ao (X, X) = 5 (Fa(X)ka(X)~

DN | =

X EJIXE) =y x4

<X(Ka)|Ka><Ka|X(Ka)>>

(HalKa) (KalKa))?
1 ) , .
——W(waa)n lalP — [l X () E) . (1)

Now from Schwartz inequality one gets (11.8).
O

Let Ok denote the algebra of functions A € C*°(M) such that \yp € I(H) if
e I(M).

In all further considerations we shall restrict ourselves to coherent state maps
K : M — CP(H) which do satisfy the following conditions:

a) The curvature 2-form
w=icurvV = K'wpg

s non-degenerate, i.e. w is symplectic.

b) The distribution P is mazimal. i.e.
. 1.
dim¢ P = 3 dim M =: N. (11.12)

¢) For every m € M there exists an open neighborhood @ > m and functions
A,y AN € O such that d\q, ..., d\ny are linearly independent on Q.
Proposition 11.2.

i) The manifold M is Kdhler manifold and K : M — CP(H) is a Kdhler
immersion of M into CP(H).
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it) The distribution P is Kdhler polarization of symplectic manifold (M, w).
Moreover P is spanned by the Hamiltonian vector fields X generated by
A€ Og.

Proof.

i) The condition a) and b) imply that P define almost complex structure
on M. The condition ¢) guarantees its integrability. The property of M
being Kahler follows from the fact that w is symplectic and from positivity
property (11.6) of Proposition 11.1. The immersion property of K follows
from w = K*wpg and w is symplectic.

ii) Let us take X € I'>°(P) and A € Ok. Then from
V=0 and Vy(\)=0

for any ¢ € I(H), it follows X () = 0. Let X be the Hamiltonian vector
field corresponding to A
Xyiw = d\ (11.13)

Then
w(Xy), X)=d\X)=X(\)=0.

Since P is maximal isotropic one gets X, € I'*°(P). The condition c)
implies now that P is spanned by X where A € Ok. In this way we have
shown that P is integrable Kéhler polarization on (M,w).

O

We conclude this section by making the following comment. In the symplec-
tic case the Lie subalgebra (Ok, {-,-}) is a maximal commutative subalgebra of
the algebra of classical observables (C*°(M),{:,-}). The corresponding Hamil-
tonian vector fields Xy,,... X, € I'*°(P) span the Kéhler polarization P in
the sense of Kostant-Souriau geometric quantization.

Now let us define the quantum Kéhler polarization corresponding to the
classical polarization P defined above.

Let D be the vector subspace of the Hilbert space H generated by finite
combinations of the vectors K,(m), where o € I and m € ,. The linear
operator a : D — 'H such that

aKy(m) = A(m)Ky(m) (11.14)

for any a € I and m € €),, will be called the annihilation operator. On the
other hand the operator a* conjugated to a we shall call the creation operator.
The eigenvalue function A : M — C is well defined on M since K,(m) # 0 and
the condition (11.14) does not depend on the choice of gauge.

In general the annihilation operators are not bounded as it is in the case of
the Gaussian coherent states map (see Example 7.1). In this paper we restrict
ourselves to the case when the annihilation operators are bounded.
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Proposition 11.3. The bounded annihilation operators form a commutative
unital Banach subalgebra Py in the algebra L™ (H) of all bounded operators in
the Hilbert space H.

Proof. Tt follows directly from the definition (11.14) that for any elements
a1,as € Px their product ajas and linear combination ciaq + caao belong to
Px. It is also clear that identity operator I € Px. We shall show complete-
ness of the subalgebra Px C L°°(H). Let {a,}nen be a Cauchy sequence of
annihilation operators and let {\, }nen be the corresponding sequence of their
eigenfunctions. From the condition (11.14)

[(ax = an) Ko (m)]|

i) = An(m)| = ==

< [lag — an||

for all @« € I and m € . Hence the sequence {\j}ren converges pointwise to
some function A : H — C. Since a,, —— a converges in the operator norm to
some bounded operator a € L*°(H) one has

(@~ Am)DKo(m)]| = Tim [[(a, — As(m)Ka(m)| =0

Consequently A is the eigenvalues function for a and a € Px. The annihila-
tion operators ai, az € Px commute on a dense domain D C H implying the
commutativity of the subalgebra Pi. O

The eigenvalues function is the covariant symbol

(Ka(m)|aKa(m)>
(Ka(m)|Ka(m))

A(m) = = (a)(m) (11.15)

of the annihilation operator. It is thus a bounded complex analytic function on
the complex manifold M.

We shall describe now the algebra of annihilation operator covariant symbols
in terms of the vector space I(H). Let A : H — H be the linear operator defined
by the condition one has

A (v) = I(Av)

for all v € H. The operator defined above has the following properties.
Proposition 11.4.
i) If X\ € Ok then A is a bounded operator on H.

ii) The operator A* adjoint to A is an annihilation operator with the covariant
symbol given by bounded function A.

Proof.

i) From the sequence of equalities

(A(m) Ka(m)|v)sg (m) = A(m){Ka(m)|v)s, =
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— (Ko (m)]A0)s;, (m) (11.16)

where v € H, a € I and m € (), it follows that D is the domain of the
conjugated operator A*. Since D is dense in ‘H the operator A admits the
closure A = A**, see [2]. We have H = D(A) C D(A) which implies the
boundedness of A.

ii) Let us notice that from (11.16) it follows
A* Ko (m) = M(m)Kq(m). (11.17)

Thus A* is the annihilation operator with X as its covariant symbol.

From this two propositions above one can deduce the following.

Theorem 11.5. The mean value map {-) defined by (11.15) gives the continuous

1{b)]l oo = sup [(b)(m)] < [|b]| (11.18)
meM

isomorphism of the operator commutative Banach algebra Py = {a* : a € Px}
of creation operators with the function Banach algebra (Ok, ||| )-

Let us assume that for some measure p one has the resolution of the identity
operator

I= /P(m)d,u(m), (11.19)
M

where
_ [Ea(m))(Ka(m)|

(Ko (m)|Ko(m))
is the orthogonal projection operator P(m) on the coherent state K(m), m € M.

In such case the scalar product of the functions ) = I(v) and ¢ = I(w) can be
expressed in terms of the integral

(Bl) = (v]w) = / T (1, o)y —
M

P(m): (11.20)

[ K m)
= [ 2y

Moreover one has

| Av|2 = / AP E (@, )dp < N o] (11.22)
M

for v € ‘H and thus it follows that
Al < Mo - (11.23)

Taking into account the inequalities (11.18) and (11.23) we obtain
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Theorem 11.6. If the coherent states map admits the measure p defining the
resolution of identity (11.19) then the mean value map () is the isomorphism
of the Banach algebra (Pi, ||-||) onto Banach algebra (Ox, ||| )-

From the theorem above one may draw the conclusion that the necessary
condition for the existence of the identity decomposition for the coherent states
map K is the uniformity of the algebra Py, i.e.

|a?[| = llal]®  for a € Pr.

We shall show some facts allowing deeper understanding of the covariant
symbols algebra Oy in the context of the geometric quantization and Hamil-
tonian mechanics.

According to Theorem 11.6 the Banach algebra P of annihilation operators
is isomorphic to Banach algebra Ok. It is easy to notice that Kostant-Souriau
quantization

Ok2XA— Qr=1iVx, + A (11.24)

restricted to I(H) gives inverse of the mean value isomorphism (-) defined by
(11.15).

In the light of the remarks above it is strongly justified to call the Banach
algebra Px a quantum Kiihler polarization of the mechanical system defined
by Kéhler coherent immersion K : M — CP(H).

Now we will concentrate on the purely quantum description of the mechanical
system in C*-algebra approach.

The function algebra Oy defines the complex analytic coordinates of the
classical phase space (M,w), i.e. for any m € M there are open neighborhoods
Q> my and 2y,...,2y € Ok such that the map ¢ : Q@ — C¥ defined by
p(m) == (z1(m),...,zx(m)) for m € Q, is a holomorphic chart from the com-
plex analytic atlas of M. The annihilation operators ap,...,ay € Py corre-
spond to z1, ..., zy through the defining relation (11.14) is naturally to consider
as a quantum coordinate system. The operators from Py, for example such as
aj,...,a%, conjugated to those of Px are the creation operators.

Definition 11.7. The unital C*-algebra Ay generated by the the Banach al-
gebra P will be called quantum phase space defined by coherent state map
K: M — CP(H).

Let us define Berezin covariant symbol

(Ko (m)|FKqo(m))

EYm) = S ()

me M (11.25)

of the operator F' (unbounded in general) which domain D contains all finite
linear combinations of coherent states. Since K : M — CP(H) is a complex
analytic map, the Berezin covariant symbol (F) is a real analytic function of
the coordinates z1,...,ZN,21,---,2N-
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For n € Nlet Fy,(aj,...,ak,a1,...,an) € A be a normally ordered poly-
nomials of creation and annihilation operators. We say that

F,(aj,...,aN,a1,...,any) —— F = F(aj,...,aN,a1,...,an)  (11.26)

converges in coherent state weak topology if

(Fp(ajl,...,ay,a1,...,an))(m) —— (F)(m). (11.27)

n—oo

Therefore thinking about observables of the considered system, i.e. self-
adjoint operators, as the weak coherent state limits of normally ordered poly-
nomials of annihilation and creation operators we are justified to consider Ax
as the quantum phase space of the physical system defined by (M, H,K : M —
CP(H)).

Taking into account the properties of Ax we define the abstract polarized
C*-algebra.

Definition 11.8. The polarized C*-algebra is a pair (A, ﬁ)ﬁconsisting of the
unital C*-algebra A and its Banach commutative subalgebra P such that

i) P generates A
i) PNP=CI
It is easy to see that A is polarized C*-algebra in the sense of this definition.

Also the notion of coherent state can be generalized to the case of abstract
polarized C*-algebra (A, P), namely

Definition 11.9. A coherent state w on polarized C*-algebra (A, P) is the
positive linear functional of the norm equal to one satisfying the condition

w(za) = w(z)w(a) (11.28)
for any z € A and any a € P.

Let us stress that in the case when (A, P) is defined by the coherent state
map K : M — CP(H) then the state

Wi (x) := Tr(zP(m)), (11.29)

where m € M and P(m) is given by (11.20), is coherent in the sense of Definition
11.9

Proceeding as in motivating remarks we shall introduce the notion of the
norm normal ordering in polarized C*-algebra (A, P).

Definition 11.10. The C*-algebra A of quantum observables with fixed polar-
ization P admits the norm normal ordering if and only if the set of elements

of the form
N
> biax
k=1

where N € N and a1,...,an,b1,...,by € P, is dense in A in C*-algebra norm
topology.
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Since we assume that A is unital the coherent states on (A, P) are positive
continuous functionals satisfying the condition w(I) = 1. The set of all coher-
ent states on (A,P) will be denoted by C(A,P). The structure of C(A,P) is
investigated and described in the next section of this paper. Some properties
of coherent states are however needed now for the description of algebra Ax
defined by the coherent state map K : M — CP(H).

Theorem 11.11. Let p # 0 be a positive linear functional on (A, P). Assume
that p < w, where w € C(A,P) is a coherent state. Then

i) the functional ﬁp 1s the coherent state and

foracP.

ii) If (A, P) admits the norm normal ordering then

i.e. the coherent state w is pure.
Proof.

i) Let 7, : A — H,, be the GNS representation of A and let v, € H,, be the
cyclic vector of this reprezentation corresponding to w. Then there exists
an operator T € 7, (A), 0 < T < 1, such that

p(w) = (Tvy|my (z)Tvy,) (11.30)

for any € A, see [10, 30]. From the defining property (11.28) of the
coherent state one gets

(vo|me(2)(T0(a) — w(a))v,) = 0.
Since v, is cyclic for m,(A) it must be
Tw(a)v, = w(a)v, (11.31)
for any a € P. From (11.30) and (11.31) it follows that
p(w0) = pl)wla) (11.32)

for an * € A and a € P. Taking z = I in (11.32) we get ﬁl)p(a) = w(a).
Substituting w(a) = ﬁp(a) into (11.32) and dividing both sides of (11.32)
by p(I) # 0 we find that ﬁp(a) belongs to C(A,P).
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ii) Since ﬁp(a) is equal to w on P we have

1 (& YT al al
p(ﬂ)p<; bkak>:k§_:l mp(bk)mﬂ(aw =Y w(bk)w(ar) = w<k_1 bkak> :

From the existence of the normal ordering on (A, P) and continuity of p
and w it follows that ﬁp =w on A.

O

Let us remark that the norm normal ordering property of the polarized
C*-algebra A is stronger than the normal ordering in the Heisenberg quantum
mechanics or quantum field theory where it is considered in the weak topology
sense.

One of the commonly accepted principles of quantum theory is irreducibility
of the algebra of quantum observables. For the Heisenberg-Weyl algebra case
the irreducible representations are equivalent to Schrédinger representation due
to the von Neumann theorem [45]. In the case of general coherent states map K :
M — CP(H) the irreducibility of the corresponding algebra A of observables
depends on the existence of the norm normal ordering.

Theorem 11.12. Let Ax be polarized algebra of observables defined by the
coherent states map K : M — CP(H). If M is connected and there exists the
norm normal ordering on Ay then the auto-representation id : Ax — L (H)
1s irreducible.

Proof. Tt was stated in Theorem 11.11 that the vector coherent state K(mq) is
pure one. This implies irreducibility of representation

Tm, 1= id|Hm1 : Ax — End H,,,,

of the algebra Ay in the Hilbert subspace H,,, = AK(my). There are two
possibilities: either K(ms) C H,,, for any mg € M or there exists mg € M
such that K(mga) € Hy,,. In the second case it follows from irreducibility of
representation

Ty = idjp,,,  Ac — End Hp,

that H,, C Hi .- Applying this procedure step by step one obtain the orthog-
onal decomposition
=@,

iel
of the Hilbert space H. From assumed separability of H we find that I is at
most countable.
Let
M;:={me M :K(m)C Hn,}

where 1 € I. If m € M; N, then

(Ka(m)|Kq(m)) > 0.

(6]



Since K, : 2, — C is continuous there exists a open neighborhood m € O C
of m such that

(Ko (m)|Ka(m')) #0

for m’ € O. The following inclusion must be valid K(0) = [Ko(O)] C Hp,.
Otherwise one would have

(Ka(m)|Ka(m')) =0

which contradicts the definition of the set 0. In this way we have shown that
O C M; and M; is open in M. Thus M is disjoint union

M= M
il
of the open sets. Since, by assumption, M is connected it must be M = M;

for some ¢ € I. The above means that H = Axc/K(m) for any m € M and
consequently the representation

id : .A)C — L™ (H)
is irreducible. O

In general case one can decompose the Hilbert space H = @Z]\Ll ‘H;, where
N € N or N = oo, on the invariant AxH; C H; orthogonal Hilbert subspaces.
Superposing K : M — CP(H) with the orthogonal projectors P; : H — H;
one obtains the family of coherent state maps KC; := P, o K : M — CP(H,),
i=1,...N. One has Ag, = P;AxP; and the decomposition Ax = @f\il Ak,
is consistent with the decomposition

N
Ko(m) = (P;oKa)(m), m€Qq (11.33)

i=1
of the coherent state map.

Example 11.1 (Toeplitz Algebra).
Fix an orthonormal basis {|n)}22; in the Hilbert space M. The coherent
states map K : D — CP(H) is defined by

D>z— K(2):= i 2" |n) (11.34)

where K(z) = [K(2)].
Quantum polarization Py is generated in this case by the one-side shift
operator
aln) = |n — 1) (11.35)

which satisfies
aa* =1 (11.36)
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From this relation it follows that the algebra Ax of physical observables gener-
ated by the coherent states map (11.34) is Toeplitz C*-algebra. The existence
of normal ordering in (Ax,Px) is guaranteed by the property that monomial

a*a' kleNu{0}

are linearly dense in Ag.

Let us finally remark that the space I(H) is exactly the Hardy space H?(D),
see [11, 46]. According to the Theorem 11.12 the auto-representation of Toeplitz
algebra is irreducible as the unit disc D is connected and there exists the norm
normal ordering in Ag.

Example 11.2 (quantum disc algebra).
Following [38] one can generalize the construction presented in Example 11.1
taking
o0 Zn
Dr 32z — Kg(z) = In), (11.37)
nz::l R(q)---R(q")
where 0 < ¢ < 1 and R is a meromorphic function on C such that R(¢"™) > 0
for n € NU {oo} and R(1) = 0. For z € Dg := {z € C: |z] < y/R(0)} one
has Kr(z) € H and the coherent state map K : Dg — CP(H) is defined by
Kr(z) = CKgr(z). The annihilation a and creation a* operators defined by
(11.37) satisfy the relations

a*a = R(Q)
aa” =R(qQ)
a@ = qQa
Qa* = qa*Q, (11.38)

where the compact self-adjoint operator @ is defined by Q|n) = ¢™|n). Hence one
obtains the class of C*-algebras Ag parametrized by the meromorphic functions
R, which includes the ¢g-Heisenberg-Weyl algebra of one degree of freedom and
the quantum disc in sense of [23] if

11—z
R = 11.39
@=1=" (11.39)
and 1
—x
= 11.4
R(x) T e (11.40)

where 0 < r, p € R, respectively. These algebras find the application for the inte-
gration of quantum optical models, see [18]. For the rational R they also can be
considered as the symmetry algebras in the theory of the basic hypergeometric
series, see [38]

Example 11.3 (g-Heisenberg-Weyl Algebra,).
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Let M be the polydisc Dy x - - - xDg, where D, C C is the disc of radius ﬁ,
0 < ¢ < 1. The orthonormal basis in the Hilbert space H will be parameterized
in the following way

{In1...nn)}
where n1,...,ny € NU{0}, and
<n1 .. .’ILN|k'1 N kN> = (;nlk'l N 6"Nk5N
The coherent states map
K:Dyx---xD, — CP(H)

is defined by K(z1,...,2n5) = [K(#1,...,2n)] where

00 k k
K = le ZNN 11.41
(z1,...,2N) = Z AR En) (11.41)
kN O 1 N

The standard notation

was used in (11.41). -
The quantum polarization Py is the algebra generated by the operators
ai,...,ay defined by

a;K(z1,...,2n) = 2 K (21, ..., 2N) (11.42)
It is easy to show that ||a;|| = \/1177. Hence Py is commutative and algebra Ay
of all quantum observables is generated by I,a1,...,an,aj,...,a} satisfying
the relations
[aiaa]} [Q/l?a]} 0
aj —qaja; = 051 (11.43)

The C*-algebra Ay is then the g-deformation of Heisenberg-Weyl algebra, see
[20]. The structural relations (11.43) imply that a;*a}, wherei,j = 1,..., N and
k,l € NU{0} do form linearly dense subset in Ax. Consequently Ax admits the
norm normal ordering. Since the polydisc is connected the auto-representation
of Ax is irreducible.

In the limit ¢ — 1 Ax becomes the standard Heisenberg-Weyl algebra for
which the creation and annihilation operators are unbounded.

The method of quantization of classical phase space which we have presented
and illustrated by examples can be included in the general scheme of quantiza-
tion given by Definition 6.3. In order to se this let us notice that because of
the resolution of the identity (11.19) the coherent state map K : M — CP(H)
defines the projection

IT: L2(M,T(L"),dp) — I(H) (11.44)
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of the Hilbert space of sections ¢ : M — L square integrable with respect
to du, ie. such that [, H'(¢,9)dp < oo on its Hilbert subspace I(H) C
L2(M,D(L"), dp).

Using the projector II given above we define conditional expectation €y :
L(LA(M,T(L"), dp)) — L(L*(M,T (L"), dp)) by (5.8).

On the other side one has naturally defined logic morphism E given by

E:B(M)>Q — M, € L(L*(M,T(L"), dw)), (11.45)

where the projector My, : L2(M,T(L"),du) — L*(M,T(L"),dy) is given as
multiplication by indicator function y¢ of the Borel set €.

One can show that the quantum phase space A given by Definition 11.7 co-
incides with A/ ¢, E related to conditional expectation € and logic morphism
FE defined above in sense of Definition 6.3.

12 Quantum complex Minkowski space

This section is based on [19].

Extending the Poincaré group by dilation and acceleration transformations,
one obtains the conformal group SU(2,2)/Z4, which is the symmetry group
of the conformal structure of compactified Minkowski space-time M, where
Zy = {i*id : k = 0,1,2,3} is the centralizer of SU(2,2). According to the
prevailing point of view SU(2,2)/Z,4 is the symmetry group for physical models
which describe massless fields or particles, but has no application to the theory
of massive objects. However, using the twistor description [42] of Minkowski
space-time and the orbit method [22], the different orbits of SU(2,2)/Z4 in the
conformally compactified complex Minkowski space 9t := M may be consid-
ered to be the classical phase spaces of massless and massive scalar conformal
particles, antiparticles and tachyons, see [32, 34].

The motivation for various attempts to construct models of non-commutative
Minkowski space-time is the belief that this is the proper way to avoid diver-
gences in quantum field theory [28]. Here, on the other hand, our aim is to
quantize the classical phase space MMT+ C M of the massive particle by re-
placing it by the Toeplitz-like operator C*-algebra M*+. To this end we first
quantize the classical states of the massive scalar conformal particle by con-
structing the coherent state map K : 9M++ — CP(H) of MM into the complex
projective Hilbert space CP(H), i.e. the space of the pure states of the system.

In the next step we define the Banach algebra P of annihilation operators as
the ones having the coherent states (m), m € MT+ | as eigenvectors. Finally,

the quantum phase space M™T will be the C*-algebra generated by P

12.1 Complex Minkowski space as the phase space of the
conformal scalar massive particle

Following [32, 33, 34], we present the twistor description of phase spaces of the
conformal scalar massive particles. Let us recall that twistor space T is C*
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equipped with a Hermitian form 7 of signature (++ ——). The symmetry group
of T is the group SU(2,2), where g € SU(2,2) iff g'ng = n and det g = 1.

In relativistic mechanics the elementary phase spaces are given by the coad-
joint orbits of the Poincaré group, see [52], which are parametrized in this case
by mass, spin, and signature of the energy of the relativistic particle. Similarly,
elementary phase spaces for conformal group one identifies with its coadjoint
orbits. Since conformal Lie algebra su(2,2) is simple we will identify its dual
su(2,2)* with su(2,2) using Cartan-Killing form:

(X,Y) = %Tr(XY), (12.1)

where X,Y € su(2,2). Thus the coadjoint representation Adj : su(2,2)* —
su(2,2)* is identified with the adjoint one

Ad, X =gXg !, (12.2)

where g € SU(2,2). For the complete description and physical interpretation of
Ad*(SU(2,2))-orbits see [21, 33].

One defines the compactified complex Minkowski space M as the Grass-
mannian of 2-dimensional complex vector subspaces w C T of the twistor space
and SU(2,2) acts on M by

Og W — gw. (12.3)

The Grassmannian M splits into the orbits 9% indexed by the signatures of
the restricted Hermitian forms sign n|. = (k,), where k,l = +,—,0.

The orbit M consisting of subspaces isotropic with respect to n is the
conformal compactification M of real Minkowski space and M is the complexi-
fication of M = M.

The cotangent bundle T*M% — M® is isomorphic with the vector bundle
{(x,X) € M x su(2,2) : imX C 2 C ker X} = N £ M where pr; is the
projection on the first component of the product M x su(2,2). The vector
bundle isomorphism 7*M% 2 N is defined by the following sequence T\ M®0 =
(su(2,2)/s5u(2,2),)* = {X € su(2,2) : TtrYX =0 VY € su(2,2),} = {X €
su(2,2) :im X C x C ker X} = pr *(x) of the vector space isomorphisms.

There exists a conformal structure on N defined by the cones Cp = {X €
prit(z) : dimpim X < 1} € pryl(z) = TUM, 2 € M. This conformal
structure is invariant with respect to the action of SU(2,2) on N defined by

ag i (2, X) = (gz,9Xg™") (12.4)

for g € SU(2,2).

The 8-dimensional orbits of the action (12.4) are: the bundle N*+ — M%
of upper halves of the interiors of the cones, the bundle N~ — M of bottom
halves of the interiors of the cones and the bundle N*— — M of exteriors of
the cones.

Similarly, the action (12.3) of SU(2,2) on 9t generates three 8-dimensional
orbits: MT, M=~ and M*~.
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One has maps J : N — su(2,2) and Jy : M — su(2,2) of N := NtTUN——U
Nt~ and M := M UM~~~ UM™"~ into su(2,2) defined by:

Jo(z, X) =X (12.5)
Ian(w) ==X (T — Tt ), (12.6)

where L: M — M is the involution, which maps w € M on its orthogonal
complement w® (with respect to the twistor forms n) and 7, : T +~ T and
Tt : T +— T are the projections defined by the decomposition T = w @ w.

The maps Jy and J) are equivariant with respect to the actions a and o
respectively and Ad-action of the conformal group. Thus Jy maps NT+, N+~
N~~ on the 8-dimensional nilpotent Ad-orbits and J, maps M™+, MT*, M*+ on
the 8-dimensional simple Ad-orbits which consist of X € su(2,2) with eigenval-
ues i\ and —iA. Using the Kirillov construction [22] we obtain the conformally
invariant symplectic form wgy on N (identical with the canonical symplectic form
of T*M") and the conformally invariant Kihler form wy on M. So (N, wo)
and (M, wy) are 8-dimensional conformal symplectic manifolds with momentum
maps given by (12.5),(12.6).

In order to show that N and M have a physical interpretation of the phase
spaces of the conformal scalar massive particles, let us take the coordinate de-
scription of the presented models. We fix an element co € M%), called point at
infinity. One defines the Minkowski space M2 as the affine space of elements
w € M which are transversal to oo, i.e. w @ co = T. The elements w € M
which intersect with oo in more than one-dimension, i.e. dimc(w Noo) > 1,
form a cone C4, at infinity, so

M =M2PuC,, =S x S5

The cones Cy = {z' € M : dim¢(x N 2’) > 1} define a conformal structure on
M invariant with respect to the conformal group action given by (12.3).

The Poincaré group P, extended by the dilations is defined as the sta-
bilizer (SU(2,2)/Z4) of the element co. The intersections of the stabilizers
(SU(2,2)/Z4) 0 N (SU(2,2)/Z4)o, where 0 € M2 is the origin of the inertial
coordinates system, is the Lorentz group extended by dilations. One defines the
Lorentz group Lo and the group of dilations Dg o respectively as the com-
mutator and the centralizer of (SU(2,2)/Z4)oc N (SU(2,2)/Z4)¢ respectively.
Finally, the group of Minkowski space translations T, consists of the elements
exp X, where X € su(2,2) satisfies im X C oo C ker X, while the elements
exp X fulfilling im X C 0 C ker X, define the commutative subgroup A of
four-accelerations.

Let us assume in the following that

(8, e {(§)seehar{(2) cee]

where we use the 2 X 2 matrix representation with Pauli basis:

/10 (01 (0 i (10
0=\ 1) 2=\ \1 o) 27\ o) BT \0 -1
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in Matayo(C). This choice of 1, 00,0 gives us the decomposition
5u(2,2) = Too & Lo,00 ® Do,oc Ao (12.8)

where the subalgebras of 4-translations, Lorentz, dilations and 4-accelerations
are given respectively by

T = {(8 g) 1T =T" € Matyyz(C) and T = t'o,} (12.9a)
Low = {(g _OU) . TrL =0 and L € Matars(C)} (12.9b)
Dooe = {d (JOO _?TO> .d € R} (12.9¢)

Ao = {(g 8) : C' = C" € Matyy(C) and C = cto,,} (12.94)

The basis of su(2,2)* 2 su(2,2) dual to the one defined by Pauli matrices in
the Lie subalgebras 7o, £0,00; Do,co, Ao is

1.3 P, = (UOH 8) (12.10a)
L§ 02 Liy = %lem (”5“ U?n) Lo Ly = % (‘g’“ _gk> (12.10b)
Dy 2D = % (‘60 go> (12.10c)

A3 A, = (8 %”) (12.10d)

One has the matrix coordinate map
My >we— W e M(ltgxg((C) (1211)

defined by
w:{( mgg ) :¢eC?} (12.12)

and w = z € MY iff W = Wi = X. The element (x,X) € prfl(Mgg) is
parametrized by

(12.13)

(2, X) — (X, [XS —sz] )

S -SX

where X, S € H(2) and H(2) is the vector space of 2 x 2 Hermitian matrices.
The momentum maps (12.5) and (12.6) in the above defined coordinates are
given by

(12.14)

XS —-XSX
JO(XaS>:|:S SX:|
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W+whw -whH-t  —2ww —whH=1twt
20W — W)=t —og —2(W —WH=twt]|"

By decomposing Jo(X,S) in the basis (12.10) Jo(X,S) = p,P; + mu Ly, +
a, A; + dD* we obtain the expressions

IN(W) =i\ (12.15)

DPp = Sy (12.16)
Mpy = TpPy — TuPp (12.17)
d=az"p, (12.18)
ay = —2(x"p,)z, + 2y (12.19)

for the four-momentum p,,, relativistic angular momentum m,,, dilation d and
four-acceleration a, respectively, where S = s*o,,, X = z0,,.
In the coordinates z,, p, = s, the symplectic form wy assumes the canonical
form
wo = dz" Ndpy,. (12.20)

Similarly, from J\(W) = p,P}; + mu L}, + a,A; + dD* we obtain

p=2L (12.21)
Y
My = LpPy — Doy (12.22)
d=ax"p, (12.23)
2 A?

a, = —2(z"py)x, + T py — p—zp,“ (12.24)
where the real coordinates x,,¥, on M are defined by z¥ + ¥ = wY =
1 Tr(Woy).

The coordinate description of wy is the following
i o log( 0)2dw” A dw” = dx¥ A d (12.25)
Wy = IA—F— w— w)“dw w” = dx e .
A owHowv & P

Concluding, one has two models (N,wqy) and (M, w)) of the massive scalar
conformal particle. Using the canonical coordinates (z*,p,) common for both
models we obtain that

(i) the element (z,X) € N*+ (w € M*H) iff p° > 0 and (p°)2 — P2 > 0, i.e.
it describes the state of a conformal scalar massive particle;

(ii) the element (z,X) € N™~ (w € M~7) iff p° < 0 and (p°)?2 — P2 > 0, i.e.
it describes the state of a conformal scalar massive anti-particle;

(iii) the element (z,X) € N*~ (w € M*7) iff (p°)2 — P2 <0, i.e. it describes
the state of a conformal scalar tachyon.

The orbits NO* (M%) and N~ (M) describe the states of massless particles
and anti-particles but this case will not be discussed further.
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Two above presented models do not differ if one considers them on the level
of relativistic mechanics, since both of them behave towards Poincaré trans-
formations in the same way. The difference appears if one considers the four-
acceleration transformations parametrized by C' = c#o,, which in canonical
coordinates X = z*0,, P = pto, are

X =X(CX +09)7 ", (12.26)

P = (CX + 00)P(XC + 09) (12.27)
for the standard model N and

X = [XP +iXag — iA(XC —iAP7IC + 00)|(CXP +iXC + P)~!  (12.28)

P = (CX 4 00)P(XC + 0¢) + N2CP~IC (12.29)

for the holomorphic model M. We see from (12.29) that in the holomorphic
model (opposite to the standard one) the four-momentum P = p*o,, transforms
in a non-linear way. This fact implies a lot of important physical consequences,
e.g. the conformal scalar massive particle cannot be localized in the space-time
in conformally invariant way. From (12.24), (12.28), (12.29) it follows that the
holomorphic model corresponds to the nilpotent one when A\ — 0.

12.2 Conformally invariant quantum Kéihler polarization

In this section we shall make the first step in the direction to construct quantum
conformal phase space. Since the case of the antiparticle can be transformed by
the charge conjugation map to the particle one, see [34], and the tachyon case
is less interesting from physical point of view, we will work only with the phase
space MTT of the conformal scalar massive particle.

The phase space T*M% has the real conformally invariant polarization de-
fined by the leaves of its cotangent bundle structure. In canonical coordinates
this polarization is spanned by the vector fields {%}Uzowg. For the holo-

morphic phase space M the conformally invariant polarization is Ké&hler and
in the complex coordinate it is spanned by (%)“:07__3. The reason is that

SU(2,2)/Z4 acts on M by biholomorphism. For g~ = (é g) € SU(2,2) and

w € M+ one has
o,W = (AW + B)(CW + D)~ 1, (12.30)

where W € Matayx2(C) is the matrix holomorphic coordinate of w € M*+.
Using complex matrix coordinates (12.12) one identifies Mt* with the future
tube

T:={W € Mataxs : imW > 0}. (12.31)

Applying the Caley transform

Z = (W —iE)(W +iE)" "W =4i(Z+E)(Z—-E)"" (12.32)
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we map T on the symmetric domain
D:={Z € Matyx2(C): E - Z*Z > 0}. (12.33)

Let us remark here that the coordinates Z € D correspond to the diagonal
g0 0

> . Below we use both systems
0 —00

representation of the twistor form n = (

of coordinates.

In order to quantize M*t+ we will use the method of coherent state map
investigated in [36]. For the other construction of noncommutative manifolds by
using coherent state method see also [16]. The essence of this method consists
in replacing the classical state m € MT* by the quantum pure state, which
means, that one defines the map Ky : MT — CP(H) from the classical phase
space M into the complex projective separable Hilbert space CP(H). We will
call Iy coherent state map and in our case we will postulate that it has the
following properties:

(i) Ky is consistent with the conformal symmetry, i.e. there exists an unitary
irreducible representation Uy : SU(2,2) — AutH with respect to which
the coherent state map is equivariant:

M+ — L CP(H)
7o [Ux(9)] Vg€SU(2.2) (12.34)
M*+ CP(H)
Kx
(if) Ky is consistent with the holomorphic polarization (%M:O 5)- This
denotes that ICy is a holomorphic map.
(iii) Cy is symplectic, i.e.
IC;\CL)FS = WH, (1235)

where wpg is Fubini-Study form on CP(H). The projective Hilbert space
is considered here as Kéhler manifold (thus symplectic manifold). This
condition one needs for the consistence of classical dynamics with quantum
dynamics.

The coherent state map Ky : M™T — CP(H) fulfilling the properties postu-
lated above one obtains by the applying of the representation theory, see [44, 43].
We skip here the technical considerations and present only the final result. Let

{ ng Z>} , (12.36)

where m,2j € NU {0} and —j < j1,j2 < j, denote an orthonormal basis in H,
ie.

j mlj m
<j1 Jo |71 j§>:5jj’5mm’5j1ji5j2jg- (12.37)
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Then the map Ky : MTT =2 D s H given by

Ky:Z—=|Z;\) = E gm ] m .
P 1Z; \) L AJlJQ(Z) J1 jz>’ (12.38)
3m.d1,d2

where
m - |+ 307 = 5)!
AT (Z) = (NX )Y (det 2™, | U EIDNT =G0t 12.39
na2) 1= (o) et 2) \/(] +52)!(7 = j2)! (12:39)

J+J2 J—=J2 S _j+i1—S _j+j2a—5 _S—j1—ja
X Z ( S S — 1 — jo 211712 %21 222
S>max{0,j1+j2}
S<min{j+j1,5+52}

and

(A —2)T(A — 3)m!(m + 2j + 1)!

Ny, i=(A=1)(A=2)?(A -3 12.40
jm = N ) )(2j+1)!F(m+)\—1)F(m+2j+)\)’ ( )

defines a coherent state map
[K)\] = ICA : M++ = (CHD(H) (12.41)

with the properties mentioned in assumptions: (i), (ii), (iii). The condition (i)
restricts the variability of the parameter A > 3 to integer numbers.
From now on, to simplify the notation, we will write |Z) instead of |z; A). If

the dependence on A is relevant we will write |z; A).
12)(Z]
(Z12)

The projectors representing the coherent states give the resolution of

the identity
1= [12)(2] din(z.2") (12.42)
D
with respect to the measure
dux(Z,Z7) = ex[det(E — 2T 2))*4dZ|, (12.43)
where |dZ] is the Lebesgue measure on I and
=1 A=1)(A=2)*(\=3), (12.44)

which is equivalent to [p duy = 1.
Hence, by the anti-linear monomorphism

In:H 3 ) = (W] -5 A) == ¢() € OD) (12.45)

one identifies H with the range of I, in O(D), which is equal to the Hilbert
space of holomorphic functions L2O(D, du) square integrable with respect to
the measure (12.43).
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The representation Iy o Uy o I;l acts on L2O(D,duy) by
(In 0 Ux(g) o I, )¢ (Z) = [det(CZ + D)) p(04(2)), (12.46)

ie. it is a discrete series representation of SU(2,2) and acts on the coherent
states by
Ux(9)|2) = [det(CZ + D)] oy (2)), (12.47)
where ¢~ ! = (é g) € SU(2,2), see [15, 47].
The fifteen physical quantities p,, my., d and a,, p, v = 0,1,2,3, which
characterize the scalar massive conformal particle form the conformal Lie algebra
su(2,2) with respect to the Poisson bracket

1

2X

{fv g})\(’w’ ’LU)

(w0 = 2w — )~ 0) (o e~ 2 9L )

Jwk Qwv  QwHt Jw”
(12.48)
defined by the symplectic form wy. Each one of them defines a Hamiltonian
flow o) on M™T realized by the corresponding one-parameter subgroup g(t),
t € R, of SU(2,2). By the equivariance condition (12.112) this Hamiltonian
flow 04y is quantized to the Hamiltonian flow on CP(H) given by the one-
parameter subgroup U, (g(t)) of representation (12.47). The generators of these
one-parameter subgroups are realized in L?O(T, duy) as follows:

. .0
Pu=—ig o (12.49)
. . 0 0
m‘uu = 77,(11)#% — wum) (1250)
- 0
P e
d = —2iw" o — 2i (12.51)
a, = —iw? (6P — 2wywﬁ)i + 2i\w,, (12.52)

owP

see [35]. They are quantized versions of their classical counterparts given by
(12.16)-(12.19). The measure dpy in the future tube representation is given by

dpux(W, W) = 274[det(W — W) 4|aW|. (12.53)

It was shown in [36] that the coherent state method of quantization is equivalent
to the Kostant-Souriou geometric quantization.

Besides generators (12.16)-(12.19) of the conformal Lie algebra su(2,2) there
is also reason to quantize other physically important observables. In particular
case the ones belonging to the family O+ (D) consisting of complex valued
smooth functions f : 9T+ — C for whose there exists bounded operators
a(f) € L*°(H) such that

alf)|2) = £(2)|2) (12.54)
for any Z € D = 9MTF. Since the coherent states |Z) form a linearly dense
subset of H one has correctly defined linear map a : OTH(D) — L*(H) of
O**(D) in the Banach algebra of the bounded operators.
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It follows immediately from (12.54) and the resolution of identity (12.42)
that

i) OT*(D) is the commutative algebra and f € O+ (D) is holomorphic;
ii) The map a : OT1(D) — L*(H) is an isometric

la(Hllee = I1fllsup = sup [£(Z)
zZehb

(12.55)

monomorphism of algebras;

iii) The image a(O7 (D)) is uniformly closed in L*>°(H) (i.e. with respect to
operator norm ||-|| ).

Hence, O (D) is a Banach subalgebra of the Banach algebra H°(D) of func-

tions which are holomorphic and bounded on D. Let us remark here that com-

pleteness of H>(D) follows from the Weierstrass theorem, see e.g. [50].
Indeed one has:

Proposition 12.1. The Banach algebra O+ (D) is equal to H>® (D).
Proof. Since I\(H) = L?O(D,du,) we have f( Y| ) € I\N(H) for any f €

H®°(D). The multiplication operator My : L*O(D,duy) — L*O(D,du,) is

bounded. Thus there is a bounded operator a( f)* : H — H such that
FZ)(|Z) = (a(f)*)]Z) (12.56)

for Z € D. The above shows that a(f) = (a(f)*)* fulfills (12.54). O

According to [39] we shall call the commutative Banach algebra P+ :=
a(H*(D)) the quantum Kéhler polarization and its elements a(f) € PTF
the annihilation operators.

The coordinate functions fx;(Z) := 2k, where k,l = 1,2 belong to H*° (D).
Therefore ag; := a(fr;) € Pt and their action on the basis (12.36) is given by

jom :\/ U—5t0G—datDm_|Jj+5 m—1
1 1 Jo (27+1)(25+2) (m+X1—2) j1—% j _%

1
(G+41)(G+g2) (m+2i+1) | J — 3 m
+\/ (77L+12]+)\ 21)2](2]—}-1) jl _2% j2 _ é> (1257)

a j m — (J=d1+1)(G+j2+1)m ,] + % m—1
2150 o @D | — 1 gyt
. 1
(G+i1)(G—g2)(m+2j+1) | ] — 3 m
+\/ (m+2£A-10272+D) |j; — 1 j, 4 ;> (12.58)
w |3 ™\ /GG atom ity m-—1
2 g CADEADmA-D) j + 1 j,— 1
. 1
(G—=3)G+g2)(m+25+1) |J — 3 m
T\ T2 ta-D2;@ 10 T ;> (12.59)
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jom = (J+71+1)(G+j2+1)m
1 2/ V@TDHEIHDmIA-D)

it: m-1
j1+% j2+%

- 1
ST T 12.60
) we

@22

+ (J—31)(G—j2)(m+2j+1)
(2] 3 -1)27 (2 11)

7N~ 0 if the indices do
Ji J2
not satisfy the condition m,2j € NU {0} and —j < j1,J2 < J.

The coordinate annihilation operators ay;, k,l = 1,2 generate Banach sub-

algebra 73;;‘[ of P+, Let us denote by Pol(D) the algebra of polynomials of

variables {21}, k,1 = 1,2 restricted to the closure D of D in Matsxo(C).
For the following considerations let us fix the matrix notation

In the expressions above we put by definition

A = (Z;i Z;z) c ,P;:)—l’_ (2] MatQXQ((C)7 (1261)
At = (21; Zz;) € Pl¥ © Mataxa(C) (12.62)

for the annihilation and creation operators. For example, in this notation the
property (12.54) assumes the form

A|Z) = 2|2). (12.63)

Proposition 12.2.

i) PXJ is isometrically isomorphic to the closure Pol(D) of Pol(D), i.e. a(f) €

7)++
pol -
ideals of the 73;07 (the spectrum) is homeomorphic to D.

iff f is continuous on D and holomorphic on . The space of maximal

i1) P;OJ[ is a semisimple Banach algebra, i.e. if p € P;j is such that for each
c € C there exists (1 +cp)~t then p=0.

iii) 77;;[ G P, i.e. it is proper Banach subalgebra of P*T.

iv) The vacuum state is cyclic with respect to the Banach algebra 77;'0';'

Proof. -
i) For Z,W € D and « € [0, 1] one has

VI(E=[aZ + (1 —a)W][aZ + (1 — )W) = of* — [[aZ + (1 — )W ]| >
(12.64)
[o]* = {al| Zo]| + (1 = ) [Wo}? > |[v]|* — {allv]| + (1 — a)|v[]}* = 0,

for each v € C?, what gives aZ +(1—a)W € D. So, D is convex bounded subset
of Matax2(C). Thus D is polynomially convex and compact. By definition 73;;‘[
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has a finite number of generators. Hence statement ¢) is valid, see for example
Chapter 7 of [3].
i1) We recall that the radical of algebra P+ is

R ={be Pt :(b+ A is invertible for any A # 0}. (12.65)

i7i) To prove this it is enough to find a function f € H°°(D) such that
f ¢ Pol(D). For example the function

Tr(Z + E)
Z) = —_— 12.66
72) = exp g (12.66)
has this property.
iv) It is enough to check that

j m\ _ Ajm t 0 0
i j2> = A} (AT) ’0 0> (12.67)
and notice that operator Ag:’; (AT) € P;'O'l". O

We define the action of the g € SU(2,2) on A by

“1y . (Ux(9)anUx(g™")  Ux(g)ai2Ux(g™")
Uy (9)AUx(g7") == <Ui(g>a;Ui(g_1) Ui(g)a;Ui(g_l)), (12.68)

where SU(2,2) 5 g — Ux(g) € Aut(H) is discrete series representation defined
by (12.46). Using the above notation we formulate the following statement.

Proposition 12.3. One has

i)
og(A) == (AA+ B)(CA+ D)~! € PT © Mataxs(C), (12.69)

ii)
Ux(9)AUx(g™") = 0y4(A), (12.70)

for g € SU(2,2).
Proof.
i) For g7 = ( é g > € SU(2,2) one has

DD' = E +CCT. (12.71)
So eigenvalues of DDV satisfy di,ds > 1, which implies that

Ip~tcz|* < |p-tew ey = |p-H (oDt~ B)pt || = B~ D7Dt | <1
B (12.72)

for Z € D. The above gives that (D +CZ)~' = (E+ D 'CZ)~'D™! exists for

Z € D. Since det(CZ + D) is continuous function function of Z and det(CZ +
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D) # 0 for 2z € D there exists Q D D such that det(CZ + D) # 0 for all z € Q.
This shows that the matrix function

04(Z) = (AZ + B)(CZ + D)~* (12.73)

is holomorphic on Q. So, by the Oka-Weil theorem, see [3, 62], there is a
sequence {p,} of polynomials in 211, 212, 221, 222 With p, — o, uniformly on D.

Since P17 22 Pol(D) one proves oy(A) € P @ Matayo(C).

D pol
i1) Let us note that for a linearly dense set of the coherent states |Z), Z € D,

Ua(9)AUN(g™1)|Z) = 04(8)|2) (12.74)
which gives (12.70). O
We conclude immediately from Proposition 12.3

Corrolary 12.4. Banach subalgebra Ppol

PJJ, g € SU(2,2) with respect to the discrete series representation.

pol

Let us make a closing remark that quantum polarization P+ gives holomor-
phic operator coordinatization for the classical phase space 9T and subalgebra
Ppt,—[ C P+ gives the coordinatization of 9+ algebraic in the annihilation
operators.

12.3 Conformal Kahler quantum phase space

The holomorphic quantum coordinatization of the classical phase space M™T
by the operator Banach algebra P*7 is not sufficient from the physical point of
view. The reason is that the complete quantum description of the scalar confor-
mal particle also requires self-adjoint operators, for example such as those given
by (12.49)-(12.52). Therefore, we are obliged to include in our considerations
the Banach algebra P** generated by the creation operators aj;, k,l = 1,2,
which by definition are conjugated counterparts of the annihilation operators.
The algebra P++ gives anti-holomorphic quantum coordinatization of 9++.
From Proposition 12.3 it follows that P*+ as well as P+ are conformally in-
variant quantum Kihler polarizations on ™. Then, following [39], we
shall call the operator C*-algebra M+ C L% (H) generated by PT* the quan-
tum Kéahler phase space of the scalar conformal particle. We shall denote
by M;O‘}' the proper C*-subalgebra of M*+ generated by 77;;'[" ¢ P,

The relation between the quantum phase space M1 and its classical me-
chanical counterpart 9™+ is best seen by the covariant and contravariant sym-
bols description.

For any bounded operator F' € L>°(H) one defines the 2-covariant symbol

_ ZIFV)
(F)o(Z1,V) = v (12.75)
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The 2-contravariant symbol f is defined as an element of the space B (D x D)
of complex valued functions on D x D for which the integral

1Z2){2]V){V]

Z|Z><V|V> D au(ZT, Z)dp(VT, V) (12.76)

F=F\(f /fZT

exists weakly and Fy(f) € L (H), where the measure du is defined by
du(Z',7Z) = det(E — Z7Z)~* |dz|. (12.77)
We define:

i) the associative product

Fora)Z )= (12.78)
=c ty (ZIVI(V|S)(S|W) ) e
) ADAJ " W) e sy HV L VIdu(ST. S)
:]D>;</]D> S Va0 <ZV><<EI|5V>><SW> dux(VT,V)dux (ST, 5),

of the 2-contravariant symbols f,g € Ba(D x D) ;

ii) the seminorm

1A= P ()]l o (12.79)
and the involution

(20 V) = f(V, Z7) (12.80)

of the 2-contravariant symbol. The map Fy : B2(D x D) — L*®°(H) is an
epimorphism of algebras with involution and

ker Fy = {f € Bo(D x D) : || f]| = 0}. (12.81)

Thus the quotient algebra Ba(D x D)/ker Fx and L*°(H) are isomorphic as
C*-algebras. Since each equivalence class [f] = f + ker F is represented in a
unique way by the 2-covariant symbol (Fx(f))2, i.e. [f] = (Fa([f))2 + ker Fy
and (Fx(f))2 = (Falg))2 iff f — g € ker F, then the quotient vector space
B2(D x D)/ ker F) is isomorphic with the vector space

B3(D x D) := {(F)y: F € L*(H)} (12.82)

of 2-covariant symbols of the bounded operators. Defining the product of the
2-covariant symbols (F)s, (G)s € B?(D x D) by

(FYg %5 (Q)o(ZT,V) = C/\/<F>2(ZT,W)<G>2(WT’V) (ZW)(W|V)

A RAAVANAS AV T
iz )

(12.83)
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one obtains the structure of C*-algebra on B2(D x D).
The quotient map Ba(D x D) — By(D x D)/ ker F) and the isomorphism
By(D x D)/ ker Fy =2 B(D x D) defines the epimorphism

7 Bo(D x D) — B*(D x D) (12.84)

of the algebra with involution (B2(ID x D), @) on the C*-algebra (B%(Dx D), y).
Similarly the inclusion map

t:B*(D x D) — By(D x D) (12.85)

is the monomorphism of C*-algebra (B?(D x D), ) to the algebra (B(D x
]D)7 .k)~

In the case under consideration the coherent state map Ky : D — CP(H) is
holomorphic and D is a simply connected domain. Hence one can recontruct the
2-covariant symbol (F)5 of the bounded operator F' € L°°(H) from its Berezin
covariant symbol

(Z|FZ)

(F)(Z",Z) := 7

(12.86)

The reconstruction is given by the analytic continuation of (F) from the diagonal
6: D= A — DxD to the product D x D. As a result we obtain the linear
isomorphism

c:B(D) ——— B*(D x D) (12.87)

of the vector space B(D) := {(F') : F' € L*°(H)} of Berezin covariant symbols
with B%(D x D). The map (12.87) is inverse to the restriction map

8 BXD x D) 3 (F)y — (F)y06 € B(D). (12.88)
Hence one also defines the product

frngi=6"(c(f) *x c9)) (12.89)

of f,g € B(D), which is given explicitly by

(f#29)(Z,2) = e / F(ZTV)g(VT, Z) |ax(Z1, V)P du(VT, V), (12.90)
D

where
(Z|v)

(Z|12)(VIV)
is the transition amplitude between the coherent states K (Z) and K (V). For
brevity, by f and g in (12.89) we denoted the Berezin covariant symbols of
F,G € L*(H).

Let us visualize the morphisms defined above in the following diagram

ax(Z1,V) = (12.91)

93



BQ]D)X]D)

\\/

(B%(D x D),

(12.92)
5* c

(B(D), *x)

The notions of covariant and contravariant symbols were introduced by
Berezin and their importance in various aspects of quantization was shown in
[5, 6]. The 2-contravariant and 2-covariant symbols of Schatten class operators
and bounded operators were studied in [37].

In the following proposition we will mention a few properties of the quantum
scalar conformal phase space M™T and its C'*-subalgebra /\/lpol

Proposition 12.5.

(i) The autorepresentation of./\/l;'O'}' in L*°(H) is irreducible and 77++ﬁ77++ =
CI.

(i1) Mpol is weakly (strongly) dense in L>°(H).

(i) Mpol contains the ideal L°(H) of compact operators. Thus any ideal of

Mpol , which autorepresentation in H is irreducible, also contains L°(H).
(iv) fg\/[lf)(()é 22;’ conformally invariant, i.e. Ux(g )/\/lpol Ag)T C Mpol for g €

(v) Ppoi NLO(H) = {0}
(vi) L°(H) € CommM ol , where C’omm/\/l'H' is commutator ideal of Mpol
(vii) The statements i), ii), iii), v), and vi) are valid also for M+ and P++

Proof.

(i) Let us denote by P the orthogonal projector defined by decomposition of
‘H on the Hilbert subspaces irreducible with respect to M;OT Let us define

p € L*O(D, duy) by
p(Z) = <Z‘P’8 8> (12.93)

Since
a(f)TP = Pa(f)T (12.94)
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for each f € Pol(D) then from (12.67) and (12.94)one has

,7]1 Z>> =pl < Jyl ;Z>> (12.95)

Since p € L20O(D, dul) there exists a sequence of polynomials {p,} such
that p, —— p in ||-||,-norm. The operator I o PoI~! is bounded, so we
n—oo

obtain from (12.95)

(IoPoIl)I(

p= (ToPol ')p = (IoPol™ ") A}im DN :J\;im (IoPol Ypy :J\;im PPN -
(12.96)
For any compact subset K C D one has

sup [(4]Z)| < C (|4l , (12.97)
ZeK

where C, 1= sup ¢ \/(Z|Z) and thus
0 < sup [p*(Z) = p(Z)pn(2)] < sup |p(Z)| sup [p(Z) — pn(2)] <
ZeK ZeK ZeK

< CilIplly llp = pully ——— 0. (12.98)

The above gives p = limy o, ppn = p*> € L2O(D, duy). Thus p = 1 and
from (12.95) we obtain that P = I, what proves irreducibility of M;;lr. If

S 73;0?' N P;j then it commutes with any element of M;(jl'. So z € CI.

(ii) It follows from i) and from the von Neumann bicommutant theorem.
(iii) Let us take the operator F' € L°(H) which has finite number of nonzero

matrix elements in the orthonormal basis (12.36). Then its 2-covariant
symbol is given by

_ AATM .] m jl m’ i'm’
(P V)= Y Ge(s-ztvyal e (1T el A,
(Jym,j1,52)€P
(jlvmlvjiajé)eq)
(12.99)
where @ is a finite index set. The operator
im ot/ I m| p|d MmN it
> Am.z(A)<j1 szji il AL (A) (12.100)

(4,m,j1,52) €D

(" m’,31,35)EP
belongs to M;jl' and has the same 2-covariant symbol as operator F'. Thus
we gather that F' is equal to (12.100) what implies that F' € M;o‘}'. So
from the fact that L°(H) N M} # {0} and Theorem 2.4.9 in [30] we see
that LO(H) c M+

pol *
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(iv) Since M;,FOJ{ is generated by 73;;?7 the statement follows from the Propo-

sition 12.3.

(v) Let f € C(D) and (Fy o ¢ o c)(f) belongs to L°(H) and 7);:[ then its
spectrum is discrete and equal to f(ID) at the same time, which leads to a

contradiction.
(vi) From iii) one has that |p)(¢| € M;OJ{ for ¢, € ‘H. Additionally one has
lp) (W = (Ju)(o])(Jv) (el) (12.101)
o) (vl = [le) (nl, [m) (v]] (12.102)
if v,n € H satisfy (v|v) = (n|n) = 1 and (v|n) = 0. Hence L°(H) C
Comm/\/l;;{.

In order to show that L°(H) C C'omm/\/l;;lr we observe that the operator
[al,,a11] € LO(H) C C’omm/\/l;jl' in the basis (12.36) assumes the form

T
a a .
[ 1 11] J1 o J2

J m> = (12.103)

A=2)(U1+72)(m+2j+A) —(m+2j+N)(m+A-2)—(G+i1+1)0[+j+1)
(m+2j+A—1)(m+2j+ N (m+r—2)(m+Ar—1)

Jj m
J1 Jo

Thus it is diagonal and im is the concentration point of its

spectrum. So, it belongs to C’orrml/\/l;;lr and is not compact operator.

(vii) It follows from the fact that P77 c PH+.

O

Now let us make few remarks about the Toeplitz (holomorphic) representa-
tion of M**  ie. the representation in the Hilbert space L2O(D,duy). One
obtains it using the anti-linear monomorphism I : H — L?O(D, du,) given by
(12.45):

T(X):=ToXoI ':L*O(D,duy) — L*O(D,du,), (12.104)
where X € M™*. In the particular case when X € P+ one has
TNX)Y(Z) = (X)(Z)(Z). (12.105)

So, T(P;)J[) is realized by multiplication operators My, f € H*(ID), having a

++

continuous prolongation to D. Thus, the Toeplitz algebra 7Ty (/\/lpol

by the operators

) is generated

T (f) =TI\ o My oIy, (12.106)
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where f is a real analytic polynomial. The operator My : L2O(D,duy) —
L?0O(D, duy) is the operator of multiplication by f € C(D) and

exdp(Vi V) (12.107)

(1) (2) = / VeV, V)

D

1
(Viv)

is the orthogonal projector Iy of the Hilbert space L?(D,duy) on its Hilbert
subspace L2O(D, dpy).

Using the representation (12.104) one can investigate /\/lJr ., in the framework
of theory of Toeplitz algebras related to bounded symmetrlc domains, which
were intensively investigated in series of works [57, 58, 59].

The following basic statement can be viewed as a variant of the Coburn
Theorem (see [11]).

Theorem 12.6. One has the exact sequence

0 — CommM/,} —— M} —2— C(M*) — 0 (12.108)

pol

of C*-algebra homomorphisms, where C(M%) is the C*-algebra of continuous
functions on the conformally compactified Minkowski space M.

Proof. We begin observing that for f € C(D) one has inequalities

173N S 1 lsup < NQA oo (12.109)

which follow from (12.106) and from (12.129) respectively. From the first in-
equality in (12.109) it follows that the map

CD)> f—T\(f) =[Ta(f)] € pol /Comm/\/lpol (12.110)

is a continuous epimorphism of the C*-algebra C(D) on the commutative quo-
tlent C*-algebra ./\/l /Comm/\/lpol Let us recall that the norm of [z] €

pol /Comm./\/l++ is deﬁned by

1zlliny = inf HHSH (12.111)
EECommM

Now let us consider the ideal ker T\ € C'(D). It follows from 4v) of Proposition
12.5 that Ux(g )(Comm/\/lpol) A(g)t € CommM ol » S0 the conformal group

SU(2,2)/Z4 acts on the quotient C*-algebra /\/l v JCommM T and the C*-

pol
algebra epimorphism defined by (12.110) is a conformally equivariant map, i.e.

pol /CommMpol

(
EQL L[U}(g)] (12.112)

/Comm/\/lpol
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for any g € SU(2,2)/Z4, where
(B /)21, 2) = f((04(2))",04(2)) (12.113)

[Uz(9))([2]) = [Ux(9)zUn(9)"]. (12.114)

We conclude from the above that ker Ty is an ideal in C(D) conformally
invariant with respect to the action (12.113). Since any ideal in C'(D) consists
of functions vanishing on some compact subset K C D the conformally invariant
ideals correspond to the conformally invariant compact subsets: D, 0D = {Z €
Matay2(C) : det(E — Z1Z) = 0and Tr(E — Z7Z) > 0} and U(2) = {Z €
Matyy2(C) : Z1Z = E}, where the last one is the Silov boundary of D. In this
way we show that ker T is equal to one of the following three ideals

Iﬁ = {0} C Iaﬁ C IU(Z)a (12115)
where by Zx we denote the ideal of functions equal to zero on K. The polynomial
o(ZY,2) :=Te(E - 2'2) (12.116)

generates the ideal Zy;(2) and maps D on the interval [0,2]. Let us consider the
positive operator

L Te(E — ATA) :=2— al a1y — alya12 — afyas) — alyan, (12.117)

which is diagonal, with

cTr(E — ATA) :

j m>_2()\—2)(m+j+/\—1)
i g2/ (mAEA=1)(m+25+N)

J m> . (12.118)
Ji J2

in the basis (12.36). We see from (12.118) that the spectrum o of : Tr(E—ATA) :
is contained in the interval [0, 2] and the set

- {mif_l :mGNU{O}U{oo}} (12.119)

is its approximative spectrum. The continuous function F : [0,2] — R defined
by

(A=2)m

F(z) := xsin (12.120)

vanishes on o, and F' o ¢ € Zy(z). Since Fj,, = 0 and F' assumes the same
value at most on a finite subset of o \ 0,, we conclude that F(: Tr(E — AT A) :)
is a compact operator. Thus, by iii) of Proposition 12.5 F(: Tr(E — ATA) :)
belongs to Comm/\/l;rj. Let us take the sequence {P,(z)}nen of polynomials
which uniformly approximate P, — F' the function F' € C([0,2]). Thus one has

|Pnow—Fog n—>() (12.121)

SUP n—oo
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From (12.121) and the first inequality of (12.109) we obtain

| T\ (P o) = ThA(Foy)|,, —— 0. (12.122)

n—oo

On the other hand, from the Gelfand-Naimark theorem and (12.121) we have

| Po(: Te(E — ATA) ) — F(: Te(E — ATA) 1)|| —— 0. (12.123)
The operators 7y (P, o ¢) are polynomials of the creation and annihilation op-
erators taken in the anti-normal ordering, so they differ from the polynomials
P,(: Tr(E— At A) :) modulo elements of Comm/\/l;rj. Thus, using also (12.122)
and (12.123), we obtain that

0= [[[Ta(F o )] = [F(: Te(E = ATA) ||, = NITNEF 0 0)lllig = ITA(EF 0 9) |5 -
(12.124)
Summing up we conclude that F o € ker T\ N Zy (). Since it is easy to
check that Fo ¢ ¢ Tsp and that ker Ty, is conformally invariant it follows that
ker T)\ = IU(Q) = IMOO.
Taking into account that (12.110) is an epimorphism of C*-algebras, we state

the following isomorphisms M % /CommM !+ = C(D) /Ty =2 C(M). These

pol pol —
isomorphisms give the epimorphism 7y : M;ro? — C(M). O

Ending this section, let us remark that "neglecting” the non-commutativity

of quantum complex Minkowski space M;‘+ we come back to the commutative

ol
C*-algebra C'(M®) whose spectrum is given by the conformally compactified
Minkowski space M.

12.4 Quantization and physical interpretation

Analogously to the classical coordinate observables (Z, ZT) on M+ we shall use
quantum coordinate observables (A, A") for the quantum phase space M*+.
Superposing morphisms from diagram (12.92) we obtain the extension of this
correspondence. In such a way we get the isomorphism

Q) :=Frotoc: B(D) — L*(H), (12.125)
which extends the quantization map,
a:H*®D) > f — a(f) € L™®(H), (12.126)

discussed in the previous section. Taking into account the properties

QA(f %1 9) = QA(/)Qx(9), (12.127)
Qx(f) = Qx(f)", (12.128)
(@x(fDr =1, (12.129)
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for f,g € B(D), we see that the isomorphism @, gives a quantization proce-
dure inverse to the mean value map.

According to relation (12.129), Berezin covariant symbols are the classical
observables corresponding to the quantum observables realized by the bounded
operators. As a particular case the quantum phase space MTT C L*®(H)
is obtained from (M™*1) C B(D) by the quantization (12.125). However for
physical reasons we are interested in the extension of @y : B(D) — L*(H)
to a larger algebra of observables. For example it is reasonable to include in
this scheme the elements of the enveloping algebra of the conformal Lie algebra
su(2,2). The latter ones are represented by unbounded operators in H which,
according to the equivariance property (12.112), possess the common domain
given by the linear span L(ICx (9 1)) of the set K (9 T) of the coherent states.
Let us then define the vector space ATT of operators in H closed with respect
to the operation of conjugation and all elements of which possess LK (9TT))
as a common domain. Therefore for any operator F' € A++ the 2-covariant and
Berezin covariant symbols have sense.

In the following we will use the coherent state weak topology, i.e. A, coh, 4
if (Z|An|V) — (Z]A|V) for all Z,V € D. It is a weaker topology than the weak
one, as can be seen from the following example. Let D 5 Z,, = (1 — %)E7 n € N.
We define the sequence of operators

|Zn) (Zn]
Ap i=n————. (12.130)
(Zn|Zn)
It is easily observed that
VZ,VeD lim (Z|A,|V) =0, (12.131)

coh

thus A, — 0. On the other hand sup,,cy ||An| = oo, thus A, is not weakly
convergent.

The space AT is closed with respect to coherent state weak topology. The
quantum phase space MT7T is contained in A1 as a dense subset with respect
to the coherent state weak topology. For any F' € ATT its Berezin symbol
[ =(F) € ROTT(D) is the real analytic function

f(ZT7 Z) = Z fiu 1112,921,922,J11,J12,J21,J22 Zilll Zi122 25211 ZSQZZ Zﬁl ZﬁZ Z%il Z%EQ
(12.132)
of the variables (Z1, Z). One extends the quantization (12.125) naturally to the
space ROTH (D) of real analytic functions on D by setting

_ L T § G2 §oi21 o922 gy gin gy gy
Q(f) —E Jirtyinasion ino i diz,gor,jea @11 Q12 Q21 Qg 17 Q15 A7 gy =

= : f(AT,A) (12.133)

where as usual, the colons : - : denote normal ordering. The infinite sum
in (12.133) is taken in the sense of coherent state weak topology. The ex-
tension of the product x, see (12.90), to the real analytic Berezin symbols
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f,9 € ROTT(D) is defined by

(Z7]: (AT, A) = g(AT, A) : |Z)

(f*)\g)(ZT7Z) = <ZT|Z>

(12.134)

As an illustration let us consider the Berezin symbols

et(E — Z'o -
(U(9)(21,2) = (det(CZ + D)) (d giﬁE fzfg))) (12.135)

and their quantum (Af, A)-coordinate representation

et(E — Afo -
0(6) = () = (g ) en(Ca+ D) (12130

for the conformal group elements g € SU(2,2). In order to express the quan-
tum 4-momentum, relativistic angular momentum, dilation and 4-acceleration in
terms of quantum coordinates (AT, A) we differentiate Uy (g(t)) given by (12.136)
with respect to the parameter ¢ € R for an appropriate choice of one-parameter
subgroup R 5t — g(t) € SU(2,2). As a result one obtains

Qx(py) = i) : (det(W — W)™ Tr (o, (W — WT)) (12.137)

Qa(myy) =X (; Tr(o, W) : (det(W — W)~ Tr(o, (W — W) : —

—% Tr(o, W) : (det(W — W)~ Tr(0, (W — WT)) :) (12.138)

Qx(d) = iXTr(o,WT) : (det(W — W) =L Tr(a” (W — WT)) : —2i\T
(12.139)

Qx(ay,) = ixdet(WT) : (det(W — W)~ Tr(o, (W — WT)) : —
- z’)\% Tr(o, W) Tr(aPWT) : (det(W — W)~ Tr(os(W — W) : +
+ A Tr(o, WT), (12.140)

where (W, W) are matrix operator coordinates in A** obtained from (AT, A)
by the Caley transform

W=i(A+E)A—-E) (12.141)

which has sense in the coherent state weak topology. After passing to the
representation in the Hilbert space L?O(T,du,,) of holomorphic functions on
the future tube T, square integrable with respect to the measure (12.53), we
rediscover from (12.137)-(12.140) the operators (12.49)-(12.52) obtained by the
Kostant-Souriau geometric quantization.

It follows from (12.49) that

[@x(Py), @ (po)] = 0. (12.142)
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Using (12.21), we see from (12.142) that

[@x(yp), @x(yv)] = 0. (12.143)
The creation operators
Qx(w") = %Tr(auWT) (12.144)

in L2O(T,du,) are given as multiplication by the complex coordinate functions
wH, so they commute. Thus, in addition to (12.142), we have

[@x(z"), Qx(z")] =0 (12.145)

[@x(2"), Qx(p,)] = —id}1 (12.146)

for the quantum canonical coordinates (Qx(z*), Qx(p,))-

Therefore we see that Heisenberg algebra generated by unbounded operators
of 4-momenta Q(p,) and 4-positions Qx(z*) = 1 Tr(o, (W + WT)) is included
in AT*. The creation operators (12.144) and the annihilation ones

Qxa(w,) = %Tr(UVW) (12.147)

generate the Caley transforms of quantum polarizations P;r(j and P;J[ respec-
tively. However their commutators [Qx (@), @x(w,)] # 0 do not have so simple
form as it has place in the case of quantum real polarization given by the canon-
ical commutation relation (12.146).

Let us now discuss the physical sense of the parameter A\ € R. So far,
for technical reasons, we assumed that it was dimensionless. However, as one
sees from (12.21), A has dimensions of action. We therefore assume the Planck
constant h as the natural unit for X\. After this we obtain

wh = gh 4+ )\i ﬂ’
memc

(12.148)

where me = /p3 — p?. The quantity % is the Compton wavelength of the
conformal particle. For example for the proton % =~ 10~ Bem.

The quantities % denote the components of relativistic 4-velocity measured
with the speed of light as the unit. Dimensional analysis shows that in the limit
A — oo the theory describes physical phenomena characterized by a space-
time scale much bigger than the Compton scale characteristic for the quantum
phenomena. This physical argument is consistent with the following asymptotic
behavior of of *)-product

foxg~fg (12.149)
frxg—gx f~iM /[, g} (12.150)

for A — oo, where the right hand side of (12.149) is usual multiplication of
functions and the right side of (12.150) is the Poisson bracket (12.48). In order
to show these asymptotic formulae we apply the method used for the case of
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a general symmetric domain in [5]. The expressions (12.149), (12.150) show
the correspondences of the quantum description of the massive scalar conformal
particle to its classical mechanical description in the large space-time scale limit.

The quantum effects are described by the transition amplitude (12.91), which
in the coordinates (w*,w") is given by

_\9 —\2y\ L A
ax(wh,w) = <((w_w) (v=7) )2> , (12.151)

(w —v)?

where (w — 9)? = 1, (w* — 9")(w” — v”) and A > 3. One sees from (12.151)
that the transition probability |a>\(vT, w) |2 from w to v as a function of v forms

a narrow peak around the coherent state w € T if )\% ~ 0. A more detailed
physical discussion can be found in [35].
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